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amb els que hem compartit dinars, somriures i preocupacions a parts iguals: Guillem,
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sobretot us vull agrair la vostra qualitat humana, qualitat que transcendeix les vostres
virtuts cientı́fiques i que impregna de joia el record que guardaré d’aquesta experiència.
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També als meus oncles Artur i Nuri, i Joan (Miquel) i Ma Àngels, junt amb les meves
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Preamble

Magnetism is very important in various areas of science and technology, covering
a wide range of scales and topics. Magnetism explains the flow of solar winds or the
shielding of cosmic rays by the Earth’s magnetosphere. At the opposite limit, magnetic
fields are used to cold individual atoms and bring them to their fundamental quantum
state. At an intermediate scale, a vast variety of everyday technologies base their operation in magnetic fields. Examples range from electromagnetic turbines, transformers
and engines to medical techniques or data storage systems. Therefore, the ability to
master and control magnetic fields represents a major chance to improve all of them.
In this thesis we present a new ”toolbox” to shape magnetic fields and obtain novel
and interesting effects. The work is inspired by the recent developments in the field
of light manipulation, which are based on two key factors. On one hand the progress
in building artificial materials with engineered microstructure (metamaterials) that exhibit exotic effective electromagnetic properties. On the other, the development of a
theory (transformation optics) that determines the electromagnetic material properties
required to obtain the desired effect. The combination of these factors has led to the
realization of electromagnetic devices that could not be imagined some years before like
invisibility cloaks, illusion devices that transform the image of an object into another,
or electromagnetic analogous of black holes, for example.
This work presents the theoretical development and the experimental realization
of various novel devices to control magnetic fields. Their design is based on different
strategies; transformation optics theory is combined with solutions directly obtained
from Maxwell equations, and ideal designs are turned into real devices taking advantage
of the properties that magnetic materials offer to shape magnetic fields. At this point it is
worth to remark the significant role played by superconducting materials. Among other
features, superconductors ideally expel magnetic fields from their interior. This property,
complemented with that of the ferromagnetic materials to concentrate magnetic fields,
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has turned superconducting and ferromagnetic materials into the main building blocks
of the different devices presented in this work.
The contents of this thesis are organized as follows. In chapter 1 we present a brief
introduction on electromagnetism, focusing on the magnetostatic case. Ferromagnetic
and superconducting materials are briefly described and transformation optics technique
is introduced.
Chapter 2 covers the cloaking of magnetic fields. Analogous to the concept of an ”invisibility” cloak for light, a cloak for static magnetic fields would prevent magnetic fields
to penetrate in its interior and would make the cloak itself and its content magnetically
undetectable from the exterior. A feasible design of magnetic cloak (antimagnet) is first
developed. It is designed with transformation optics and is discretized in a series of shells
that could be made of superconducting and ferromagnetic materials. We demonstrate
that a simpler cylindrical bilayer structure consisting of an interior superconducting
shell surrounded by a ferromagnetic one also cloaks magnetic fields. An experimental
demonstration of such bilayer cloak is reported. Its properties are also experimentally
studied for low-frequency magnetic fields, confirming that designs conceived for static
fields can also be useful for low-frequency waves.
In chapter 3 we present our research on magnetic field concentration. Based on
transformation optics, we present the analytical development of a cylindrical shell that
concentrates an external applied field in its interior hole. Its properties are compared
to the existing strategies to concentrate magnetic fields, showing a large and systematic
improvement. The same shell expels the magnetic field of sources that are placed in its
interior hole. Combining some of these shells we demonstrate that the field of a source
(e.g. a magnet) can be concentrated at a distance from it. Although concentrating shells
require magnetic permeabilities not directly found in natural materials, we show that
they can be realized using superconducting and ferromagnetic pieces. Some shells are
built and their properties to shape magnetic fields are experimentally demonstrated. The
properties of these shells are also discussed for low-frequency time-dependent magnetic
fields, showing that they allow to increase the magnetic coupling between circuits. This
feature is applied to the case of wireless transfer of power, experimentally demonstrating
that shells enhance the transferred power and the efficiency of the transfer.
In chapter 4 we develop magnetic hoses. Different from electromagnetic waves that
easily propagate in waveguides or optical fibers, magnetic fields rapidly decay as one
moves far from the source. Our proposal allows to transfer static magnetic fields to arbitrary distances. Combining transformation optics theory with numerical calculations,
we present different hose designs. A feasible proposal consisting of only two parts (a
ferromagnetic core surrounded by a superconducting shell) is studied in detail and is
completed with analytical developments. Finally, the experimental realization of two of
such hoses is reported and their transfer properties are measured.
Chapter 5 contains our research on magnetic wormholes. Inspired by cosmological
wormholes, that connect two points in space through a path that is out of the conven-
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tional 3D space, we study an analogous effect for static magnetic fields. The magnetic
wormhole magnetically connects two points in space through a path that is magnetically
undetectable. Such structure is not directly designed with transformation optics but is
obtained by combining different magnetic materials; it is composed of an interior magnetic hose surrounded by a spherical superconducting shell and a spherical ferromagnetic
metasurface. 3D numerical calculations are presented to demonstrate its properties and
the experimental realization of an actual magnetic wormhole is reported, together with
the measurements that validate its properties. Practical applications of the device are
also discussed.
Finally, chapter 6 contains the global conclusions of this thesis.
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CHAPTER

1

Introduction to essential concepts

In this chapter we present an introduction to some essential concepts involved in
this thesis. We review the basic notions of electromagnetism and magnetic materials,
giving an special attention to superconducting materials. We also present the technique
of transformation optics, which will be applied to design and study different devices
considered in this work.

1.1
1.1.1

Introduction to relevant electromagnetism concepts
Maxwell equations

The four Maxwell equations can be written in differential form as [1]
∂B
,
∂t
∂D
∇ × H = Jf +
,
∂t
∇ · D = ρf ,
∇×E=−

∇ · B = 0,

(1.1)
(1.2)
(1.3)
(1.4)

where E is the electric field, D the displacement field, H is the magnetic field, B is the
magnetic induction, Jf is the free current density and ρf is the free charge density. Some
of these magnitudes are related through the following constitutive equations
B = µ0 (H + M) ,

(1.5)

D = ε0 E + P,

(1.6)
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where M is the magnetization of the material, P is the electric polarization of the material, µ0 is the vacuum magnetic permeability and ε0 is the vacuum electric permittivity.
When no material is present M = P = 0, and simply B = µ0 H and D = ε0 E. The four
Maxwell equations (1.1)-(1.4) plus the constitutive equations (1.5, 1.6) and the Lorentz
force equation totally describe classical electromagnetic phenomena [1].

1.1.2

The static magnetic case

When none of the electromagnetic magnitudes changes over time, all the derivatives
with respect to the time become zero and the four Maxwell equations decouple. In
these static conditions electric and magnetic fields become independent from each other.
Magnetostatic problems are described by the following two equations
∇ × H = Jf ,

(1.7)

∇ · B = 0,

(1.8)

together with the constitutive relation (1.5). These equations lead to the following
boundary conditions that fields have to satisfy at the interface between two magnetic
media
n × (H1 − H2 ) = Kf ,

(1.9)

n · (B1 − B2 ) = 0,

(1.10)

where subscripts 1 and 2 refer to mediums 1 and 2 in the interface, respectively. Kf is
the free surface current density and n is a unitary vector perpendicular to the interface
that points outwards medium 2. Equations (1.7) and (1.9) can be written in terms of
the magnetic induction using Eq. (1.5) as
∇ × B = µ0 (Jf + JM ),
n × (B1 − B2 ) = µ0 (Kf + KM ),

(1.11)
(1.12)

where JM and KM are the magnetization current density and the magnetization surface
current density, respectively
JM ≡ ∇ × M,
KM ≡ n × (M1 − M2 ).

(1.13)
(1.14)

Magnetic materials can be described through the magnetic susceptibility tensor, χm ,
defined as
(1.15)
M(r) = χm H(r).
In general, the relationship between the magnetic field and the magnetization inside
actual materials can be cumbersome, depending on the magnitude and the direction of
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the field, and also on the position in the material. If materials are assumed linear, homogeneous and isotropic the susceptibility becomes a constant scalar magnitude. Applying
Eq. (1.15) to the constitutive relation (1.5) we find

B = µ0 1 + χm H = µ0 µ H,
(1.16)
where µ ≡ 1 + χm is the magnetic relative permeability tensor.
Absence of free currents: magnetic poles
In many actual situations there are no free currents in the magnetic materials, i.e.
Jf = 0. This allows to rewrite Eqs. (1.7)-(1.10) in terms of H using Eq. (1.5)
∇ × H = 0,
∇ · H = ρM ,
n × (H1 − H2 ) = 0,
n · (H1 − H2 ) = −σM ,

(1.17)
(1.18)
(1.19)
(1.20)

where ρM and σM are the volume and surface magnetic poles densities, respectively.
They are defined as
ρM ≡ −∇ · M,

(1.21)

σM ≡ n · (M1 − M2 ).

(1.22)

This establishes a clear analogy between the magnestostatic case with no free currents
and the electrostatic case. The magnetic material, thus, can be fully substituted by the
corresponding magnetic poles densities and the magnetic field can be calculated through
H = Ha + Hd ,

(1.23)

where Ha is the field created by external sources (if any) and Hd is the demagnetizing
field created by the poles
Z
Z
0
0
1
1
0 r−r
0
0 r−r
Hd (r) =
ρM (r )
dV
+
σ
(r
)
dS 0 .
(1.24)
M
4π V
|r − r0 |3
4π S
|r − r0 |3
The analogy with the electrostatic case is completed by considering that Eq. (1.17)
allows to write the magnetic field as the gradient of a scalar magnetic potential, φm , as
H = −∇φm .

1.2

(1.25)

Magnetic materials

Magnetic materials can be classified depending on the relationship between the magnetic field and the magnetization appearing in the material. Here we describe the main
macroscopic features of two of these materials that will be referred throughout this work.
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• Diamagnets: The magnetization and the field have opposite directions, so that the
susceptibility is negative and its magnitude is usually very small. The maximum
negative susceptibility is χm = −1 for perfect diamagnets. These materials expel
magnetic field lines, making B = 0 in its interior. Ideal superconducting materials
have zero magnetic induction field in their interior and can be considered, in some
cases, as perfect diamagnets, as will be discussed in the following section.
• Ferromagnets: The magnetization is aligned with the field and the magnitude of
the susceptibility is large. In actual ferromagnetic materials, even when the field is
removed, part of the magnetization (the remanent magnetization) is retained. This
results in complex non-linear hysteresis loops in which the magnetization not only
depends on the existing magnetic field but also on the previous magnetic states.
Ferromagnetic materials are classified depending on their remanent magnetization
and also on the coercitive field that has to be applied in the opposite direction to
make M = 0. Materials with large remanent magnetizations and coercitive fields
are called hard ferromagnets and that with small remanent magnetizations and
coercitive fields are called soft.
When the temperature of a ferromagnet is increased beyond a certain value (the
Curie temperature), magnetization practically vanishes due to thermal agitation
and the material becomes paramagnetic. In these conditions a small magnetization
appears aligned with the applied field (χm & 0) and it disappears in absence of
field.
For small applied fields, soft ferromagnetic materials can be modeled with a linear
relationship between M and H, i.e. considering a constant scalar susceptibility.
Ferromagnetic materials exist with a wide range of susceptibility values, ranging
from χm ' 0 to effectively infinite. Ideal soft ferromagnets are considered to have
a constant infinite susceptibility, χm → ∞, which implies zero magnetic field in
their interior (H = 0) to keep a finite magnetization.

1.2.1

Superconductors

Superconductivity is a thermodynamic state of some materials that, when they are
cooled below a critical temperature Tc , present two properties simultaneously. On one
hand they exhibit zero electric resistivity [2]. On the other they present, in principle, a
diamagnetic behavior, excluding and expelling the magnetic induction field from their
interior except in an outermost layer of thickness λ [3], as is discussed below.
Superconductors can be classified in different ways, one possibility is depending on
their critical temperature. The first superconducting materials that were discovered
were metals like mercury, lead or niobium, whose critical temperatures were below 10K.
Other alloys and compounds also demonstrated to have superconducting properties,
even though at temperatures not higher than 30K. All these materials are now known
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as low-temperature superconductors. In 1986 J. G Bednorz and K. A. Müller discovered superconductivity in cuprate oxides. This boosted the research on the topic and
soon some other ceramic compounds demonstrated superconductivity at much higher
temperatures, such as YBaCuO-123 at Tc =92K [4] or BiSrCaCuO-1112 at Tc =105K
[5]. These materials, with transition temperatures above the boiling temperature of the
liquid nitrogen (77K), are know as high-temperature superconductors.
Regarding the magnetic properties of the superconducting materials, they can be
divided into type-I and type-II superconductors. When a magnetic field smaller than
a certain critical field Hc is applied to a type-I superconductor below its critical temperature, some shielding currents appear in the surface of the material. These currents
extend, in principle, over a thickness depth λ and make the magnetic induction inside
the material B = 0. In the shell of flowing currents the magnetic induction decreases exponentially towards the interior of the superconductor. This state is called the Meissner
state. For fields higher than Hc , superconducting properties disappear.
Type-II superconductors exhibit a richer behavior. For fields smaller than a critical
field Hc,1 they present the Meissner state. However, for fields between Hc,1 and another
certain critical field Hc,2 , partial flux penetration occurs inside the superconductor in
the form of bundles of flux that are surrounded by superconducting currents forming
vortices. This is called the mixed state. For fields higher than Hc,2 superconductivity
disappears. In the mixed state, the movement of the vortices (caused by a transport
current, for example) dissipates energy and resistive losses appear. However, vortices
can be fixed in impurities and defects inside the superconductors, which act as pinning
centers. Actually, defects are artificially introduced at will to produce this effect and
minimize ohmic losses [6, 7].
Superconductors are studied with different models. The BCS theory [8], proposed
by J. Bardeen, L. Cooper and R. Schrieffer in 1957, microscopically explains the origin
of the superconductivity and successfully describes the low-temperature superconductivity. However, it is unable to explain high-temperature superconductors. Differently,
the Ginzburg-Landau theory [9] explains the phenomena occurring near second-order
phase transitions and, thus, describes approximately superconductors at temperatures
near Tc . Other phenomenological models are used to understand and design superconducting parts and devices in a more practical way. The London theory [10] explains the
Meissner effect and is used to model the superconducting shielding currents appearing in
the type-I superconductors and also in the type-II for H < Hc1 . On the other hand, the
critical-state model was formulated to describe the mixed state of superconductors with
strong pinning [11, 12]. It assumes that any electromagnetic force induces a macroscopic
constant current density, Jc , in the superconducting material. This simple model, proposed by C. P. Bean in 1962, has been proved to explain many magnetic measurements
performed in such superconductors [13, 14, 15, 16, 17]. Intuitively, for a uniform field
applied to an infinite superconducting slab (starting with zero field and current), this
model shows that the magnetic field decays linearly towards the interior of the material
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with a slope Jc [12]. The model also predicts a strong non-linear and hysteretic behavior
so that the current distribution for a given applied field not only depends on this field
but also on all the previous magnetic states.
In spite of the complicated phenomenology shown by superconducting materials,
throughout this work we will only exploit their property to expel magnetic field from
their interior. For this reason we will consider them as ideal diamagnets, having a
constant χm = −1 (µ = 0). Although this is not strictly true for any superconducting material, actual superconductors effectively exhibit this property in many practical
situations. This is the case of type-I superconductors with small values of London penetration depths (λ) compared to their size, or type-II superconductors with large critical
current densities Jc and fields significantly smaller than Hc,2 . The application of the
ideas presented in this work for strong magnetic fields or for particular materials requires
a deeper and more accurate study that is beyond the scope of this thesis.

1.3

Transformation optics

Transformation optics is an emerging technique for the design of advanced electromagnetic media [18]. It is based on the form invariance of Maxwell equations under
coordinate transformations and provides an intuitive way to manipulate the electromagnetic propagation. It plays an analogous role to the Snell law; this traditional design
tool of optics visualizes the propagation of light in terms of rays that are deviated by
different transparent media. This intuitive picture has been of vital importance in the
design progress of optical devices and explains why it is still used nowadays, in spite of
its simplified assumptions [19].
Transformation optics provides an analogous intuitive tool for the manipulation of
electromagnetic fields on all length scales, exact to the level of Maxwell equations. It is
based on the fact that Maxwell equations keep their form in any transformed coordinate
system, as long as the permittivity and permeability tensors are properly modified.
Suppose electromagnetic fields propagating in a cartesian space, x, following a certain
path (Fig. 1.1a). If we now consider a transformed space, x0 , in which electromagnetic
fields describe a different trajectory (Fig. 1.1b), Maxwell equations maintain the same
form if the constitutive parameters in this transformed space are [18, 20, 21, 22, 23]
µ0 (x0 ) =

Λ µ(x) ΛT
,
det Λ

ε0 (x0 ) =

Λ ε(x) ΛT
,
det Λ

(1.26)

where µ(x) and ε(x) are the permeability and permittivity distributions in the original
cartesian space. Λ is the Jacobian transformation matrix whose elements are
Λij =

∂x0i
.
∂xj

(1.27)

Therefore, if these permeability and permittivity values µ0 (x0 ) and ε0 (x0 ) are placed in

1.3 Transformation optics
a
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c

Figure 1.1: Sketch showing how transformation optics is applied to shape electromagnetic fields. The
propagation of electromagnetic fields in an original cartesian space, (a), is changed by transforming the
space (b). If the appropriate material parameters are placed in the original space (dark region in c),
electromagnetic propagation occurs as if the space was effectively transformed.

the original undistorted space, electromagnetic fields will propagate in the same fashion
as if they were propagating in the transformed space (see Fig. 1.1c). Fields that fulfill
Maxwell equations in this transformed space are [18, 22, 23]
H0 (x0 ) = (ΛT )−1 H(x),

E0 (x0 ) = (ΛT )−1 E(x),

(1.28)

being H(x) and E(x) the field distributions in the original cartesian space. This shows
how this technique allows to design devices to master electromagnetic fields with almost
complete freedom. From a practical point of view, though, complicated transformations
imply cumbersome anisotropic spatial-dependent permittivities and permeabilities.
This form invariance of Maxwell equations was first used to simplify numerical electromagnetic simulations by adapting computer codes from cartesian to cylindrical geometries [24]. However, with the advances in the realization of materials with exotic electromagnetic properties, the technique was coined as transformation optics and emerged
as an extraordinary tool to determine the material properties needed to master electromagnetic fields [20, 21]. Since its appearance, transformation optics has been applied
to design cloaks with different shapes [20, 21, 25, 26, 27, 28, 29, 30, 31, 32], electromagnetic concentrators [31, 33, 34, 35], rotators [35, 36, 37], wave-shape transformers
[38, 39, 40], waveguides [41, 42], or even devices mimicking celestial objects [43, 44] like
electromagnetic black holes [45, 46, 47] or wormholes [48], among other devices. It has
also been used to design structures for controlling the flow of surface plasmon polaritons
at metallic surfaces [49, 50, 51, 52].
It is worth to mention that a similar work considering 2D geometrics optics was presented almost simultaneously [53] to the transformation optics theory [20]. The mold of
optic rays presented in that work can be understood as a particular limit of the more
general theory of transformation optics, which considers the full Maxwell equations.
Precisely because of this fact, this latter theory can be applied to control not only electromagnetic waves but also electric and magnetic fields in the static case. Throughout
this thesis transformation optics theory will be used to determine the magnetic perme-
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abilities required to control static magnetic fields in different ways.
Beyond electromagnetism, transformation optics ideas have also been extended to
other physical systems in which the governing equations have a similar form-invariance
under space transformations [54]. Some examples include the control of acoustic waves
[55, 56, 57, 58, 59], fluid waves [60, 61], elastic waves [22, 62, 63, 64, 65] or thermal
diffusion [66, 67, 68], among others.

CHAPTER

2

Cloaking magnetic fields

Invisibility is one of the ancient dreams of mankind. Making things invisible and
hide them from view is an appealing idea that has appeared frequently in literature
and films. Although attractive, this dream belonged to the realm of science fiction
for many years. During the last decades of the 20th century important advances in
the realization of materials with exotic properties were made. Artificial media with
engineered microstructure, known as metamaterials, demonstrated anomalous electromagnetic properties not available in natural materials [69, 70, 71]. All this opened the
way to manipulate electromagnetic fields in ways that could not be imagined some years
before, realizing negative refraction [72, 73, 74, 75, 76, 77] or sub-wavelength focusing
[76], among others effects.
In 2006 two independent works demonstrated that, for ray optics [53] and electromagnetic waves [20], light could be bended and guided in an almost arbitrary way through
media with changing optical properties. The theory, called transformation optics [20],
was based on the form of Maxwell equations and its invariance under space transformations; the material parameters required to control the light in a certain way could be
derived from a space transformation that yielded the desired wave propagation.
One of the first applications of this theory was to design an invisibility cloak [20, 53,
78, 79]; a device that suppresses the scattering appearing when any electromagnetic wave
hits an object. This cloak from transformation optics was designed by expanding and
redistributing the space around a given region so that light rays were diverted around
a zone that was rendered invisible. Although this was the first realistic approach to an
invisibility cloak, the required material parameters were cumbersome, and anisotropic
and fine-tuned inhomogeneous permittivities and permeabilities were needed. Moreover,
they implied additional fundamental problems such as superluminal phase velocities
15
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and extremely narrow bandwidths [80, 81, 82, 83]. Despite all these difficulties, ideas
were experimentally demonstrated by constructing a simplified version of a cloak for
microwave waves [26]. This boosted the research on cloaking and, more generally, on
the enormous possibilities offered by the theory of transformation optics.
The initial idea of perfect cloaking by means of total scattering suppression for any
impinging wave evolved to more practical approaches, in which some requirements were
simplified to obtain more feasible and functional designs. For example, considering
the geometric-optics limit and applying non-Euclidean space transformations without
singularities, a broad bandwidth cloak for light rays was designed [84]. Restricting the
directionality of the cloak important simplifications were also obtained. This is the
concept behind the carpet cloak [85], which consists on placing a desired object under a
reflective surface an hiding the bump with the cloak so that appears completely flat. In
this scenario, quasi-conformal transformations were applied to minimize the anisotropy
of the required materials, leading to a broadband cloaking effect. This was demonstrated
for microwaves [86] and also for optical frequencies [87, 88]. More simplified cases were
also considered, applying geometric optics to design unidirectional or multidirectional
cloaks [89, 90]. In these cases natural birefringent materials were used to shape light
rays and demonstrate the effect in the visible spectrum. An alternative path to achieve
electromagnetic invisibility is the scattering cancellation approach. This consists on
canceling the most important terms of the scattering caused by an object, which can
be achieved by using less demanding materials [83]. Plasmonic and mantle cloaks are
based on this principle [91, 92] and have been thoroughly studied and experimentally
validated [93, 94], mainly in the microwave regime.
The science of invisibility has also been exported to other physical systems in which
the concept of an undetectable cloak may also be useful [95]. This is the case of acoustic
waves, governed by the elasto-dynamic equations [22, 55], for which different cloaks have
been studied and built [55, 58]. Transformation optics has also been applied to mold
the heat flow, not only to build thermal cloaks but other devices like heat concentrators
[96, 66, 97, 98]. Interestingly, diffusion equations that govern the flow of heat are very
similar to those for the propagation of light in diffusive mediums, like fog or frosted
glass. This has led to the recent realization of a broadband cloak for visible light in
diffusive scattering medium [99].
The concept of the invisibility cloak was also considered in the limit case of zero
frequency. In 2007 Wood and Pendry [100] introduced the idea of magnetic cloaking.
They showed that in the dc case (electromagnetic waves in the limit of zero frequency),
for which the electric and magnetic effects decouple, a magnetic cloak for concealing
static magnetic fields without disturbing the external field could be designed by transformation optics and would require only to tune the magnetic permeability (µ) of the
material. In particular this would require a material with anisotropic and positiondependent permeability values, smaller than 1 in one direction and larger than 1 in
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the perpendicular direction. A µ < 1 could be achieved by arrays of superconducting
plates [100, 101, 102], whereas µ > 1 could be obtained with ferromagnetic materials.
However, no method was presented to achieve the required position-dependent values
in perpendicular directions simultaneously and, for this reason, no magnetic cloak had
been designed nor fabricated then.
This eventual magnetic cloaking would have not only scientific interest but also
important technological applications, since magnetic fields are fundamental to many
everyday technologies, from energy generators or transformers to magnetic memories or
medical tests. Many of these technologies are based on a precise spatial distribution
of magnetic field, which should not be perturbed by magnetic objects—not only by
magnets but also by any material containing iron or steel, for example.
In this chapter we present different strategies to cloak static magnetic fields. Our
main goal is to explore and develop feasible designs that can be realized with actual
materials and existing technologies.
A parallel work for the static electric case has also been done in recent years. Cloaks
and other devices for dc electric fields have been fabricated using resistor networks
[103, 104, 105].

2.1

The antimagnet

The first proposal for cloaking static magnetic fields [100] was based on the cloak for
electromagnetic fields [20]. Wood and Pendry showed that the permeabilities required
for an electromagnetic cloak would also work for static magnetic fields. Electromagnetic
cloaks were originally designed applying linear space transformations, leading to inhomogeneous and anisotropic permeability components for the shell [20]. For example, the
permeabilities
µρ =

ρ − R1
,
ρ

µϕ =

ρ
,
ρ − R1

(2.1)

would result in a cylindrical cloak with inner and outer radii R1 and R2 , respectively.
Notice this cloak requires fine-tuned permeability components that depend on the position within the material. Moreover, at the inner surface (ρ → R1 ), the material needs
to be extremely anisotropic with µρ → 0 and µϕ → ∞. This makes any practical
implementation very difficult.
We address the problem of magnetic cloaking by defining more precisely our goal.
Rather than a magnetic cloak—null interior field and external field undistorted—we
want to design an antimagnet [106], defined as a material forming a shell that encloses
a given region in space while fulfilling the following two conditions
i The magnetic field created by any magnetic element inside the inner region—e.g. a
permanent magnet—should not leak outside the region enclosed by the shell.
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ii The system formed by the enclosed region plus the shell should be magnetically undetectable from outside (no interaction—e.g. no magnetic force—with any external
magnetic source).
In addition to these two conditions, the antimagnet should also be realizable with actual
materials. For this reason we first explore whether other permeability arrangements simpler than that of Eq. (2.1), which require inhomogenous and anisotropic materialscan cloak magnetic fields [28]. In particular we will investigate alternative space transformations that yield homogeneous cloaking shells.

2.1.1

Homogeneous anisotropic shell to cloak magnetic fields

Consider the following cylindrical non-linear space transformation between ρ = R0
and ρ = R2

 k

ρ
0


ρ = R2 R2 ,
ϕ0 = ϕ,



z 0 = z,

ρ ∈ [R0 , R2 ),

(2.2)

which relocates the space between ρ0 (ρ = R0 ) = R1 and ρ0 (ρ = R2 ) = R2 if k fulfills the
relation

R0 = R2

R2
R1

− 1

k

.

(2.3)

If R0 < R1 this corresponds to a compression of the space between R1 and R2 , as
sketched in Fig. 2.1b. The parameter k ranges from 0 (when R0 → 0) to 1 (R0 → R1 ).
To keep the transformed space continuous, the space ρ < R0 is linearly expanded through

R1
0


ρ = R0 ρ,
ϕ0 = ϕ,


z 0 = z.

ρ ∈ [0, R0 ),

(2.4)

From the final transformed space (Fig. 2.1c) notice this would work as a cloaking shell;
the field outside would be unperturbed and the field inside could be made arbitrarily
small by choosing a small R0 and compressing the field between R1 and R2 . Applying
equations (1.26) and (1.27) of transformation optics theory we find the permeability
tensors required to obtain this behavior. Expressed in the usual cylindrical basis they
are


k 0
0
 0 1

0

k
µ0 = 
ρ0 ∈ [R1 , R2 ),
(2.5)

 0  2 −2  ,
k
ρ
1
0 0 k R2
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c

R2

R0

Figure 2.1: Sketch of the space transformations that lead to a cloak with homogeneous and anisotropic
permeability components.




1 0
0
 0 1

0

µ0 = 

  2 −2  ,
k
R1
0 0
R2

ρ0 ∈ [0, R1 ).

(2.6)

Since we assume translational symmetry along the z-axis, no parameter can depend on
the z coordinate. Moreover, we assume the fields are in the xy plane and there are
no z-components, so that only the 2x2 upper-left minor of the permeability tensor is
relevant. This means that a homogeneous anisotropic cylindrical shell with permeability
components fulfilling µρ µϕ = 1 (which we name a conjugate shell) keeps any externally
applied magnetic field (with z-translational symmetry) undistorted. The field in all
regions of space can be calculated from transformation optics [Eq. (1.28)] finding
!
 1−µϕ
 1−µϕ

R
R
2
2
H
ρ0 , ϕ0 ,
ρ0 ∈ [0, R1 )
(2.7)
H0 ρ0 , ϕ0 =
R1
R1

 

 1−µϕ
1−µϕ

R2
R2
0
0
0
0
0

Hρ
ρ ,ϕ ,
H ρ (ρ , ϕ ) = µϕ ρ0
ρ0
 

 1−µϕ
1−µϕ

R2
0 (ρ0 , ϕ0 ) = R2
0 , ϕ0 ,

H
H
ρ
 ϕ
ϕ
ρ0
ρ0


H0 ρ0 , ϕ0 = H ρ0 , ϕ0 ,

ρ0 ∈ [R1 , R2 )

ρ0 ∈ [R2 , ∞)

(2.8)

(2.9)

where we have used that µρ = k and µϕ = 1/k, according to Eq. (2.5). H(ρ, ϕ) is the
external applied field expressed in the cylindrical basis.
Equation (2.9) confirms the external field is not distorted by the shell. In its interior,
Eq. (2.7) shows that the field can be arbitrarily reduced by increasing the angular
permeability of the shell, and in the limit case µϕ → ∞ (and µρ → 0) the interior
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Figure 2.2: Numerical calculations of field lines (blue) for a uniform magnetic field applied to different
cylindrical shells, having (a) µϕ = 1/µρ = 6, (b) µϕ = 1/µρ = 10, (c) µϕ = 12 and µρ = 1/6, (d) µϕ = 6
and µρ = 1/16. (e) An ideal superconducting shell (gray) is placed inside a shell with µϕ = 1/µρ = 6,
showing no external field distortion. (f ) An antimagnet made of 5 FM layers (orange) with µFM = 6
and 5 SC layers (yellow) with µSC
ρ = 0.104 and an inner superconductor with µ = 0 (gray).

field is totally canceled. This limit corresponds to a space transformation in which
R0 → 0, meaning that a one-dimensional line is expanded into a cylindrical region.
Transformations involving such singular transformations have been typically applied to
design electromagnetic cloaks [20, 26, 53, 100] [see that of Eq. (2.1) for example], which
result in extreme anisotropic parameters and cause intrinsic causality problems of the
involved propagating waves [81, 107, 108, 109]. Although these problems do not apply
to our static problem, the limit case µϕ = 1/µρ → ∞ has other practical drawbacks
involving, for example, extreme values of field at the outermost surface of the shell. To
design a feasible magnetostatic cloak, thus, it will be sufficient to choose a small value
of µρ > 0 (see Fig. 2.2a and b for numerical calculations1 of shells with µϕ = 1/µρ = 6
and µϕ = 1/µρ = 10, respectively).
In this way we have found a simpler homogeneous anisotropic arrangement of permeabilities (µϕ = 1/µρ with 1  µρ > 0) that allows to cloak any externally applied
magnetic field.
This result can be alternatively found solving the two magnetostatic Maxwell equations (1.7, 1.8). For this purpose we consider a cylindrical shell with constant radial
and angular relative permeabilities µρ and µϕ , respectively, in the particular case of a
1

All numerical calculations included in this thesis have been performed with the finite-elements
software COMSOL Multiphysics, AC/DC module.
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uniform external applied field Ha = Ha x̂. Since there are no free currents, a magnetic
scalar potential is defined as H = −∇φ. Potential inside (ρ < R1 ) and outside the shell
(ρ > R2 ) has to satisfy the Laplace equation. Since the shell is assumed anisotropic, the
potential within the shell material (R1 < ρ < R2 ) does not fulfill the Laplace equation
but the following one
  2
µϕ ∂ φ
∂2φ
∂φ
ρ2 2 + ρ
+
= 0.
(2.10)
∂ρ
∂ρ
µρ ∂ϕ2
The solution of this equation can be found following a similar procedure as for the
Laplace equation using separation of variables. Considering that the potential at ρ → 0
has to be finite, at ρ → ∞ has to tend to the applied one (−Ha ρ cos ϕ) and imposing
the four boundary conditions [Eqs. (1.9, 1.10)] at the surfaces ρ = R1 and ρ = R2 , we
can find the solution of the potential in the three different regions. We are interested in
the external field distortion and the field inside the shell, where potential is
φ(ρ, ϕ) = −Aρ cos ϕ,


B
φ(ρ, ϕ) = −Ha ρ +
cos ϕ,
ρ

ρ < R1

(2.11)

ρ > R2

(2.12)

being A and B constants related to the real2 positive-defined auxiliary variables p ≡
p
√
µρ µϕ and u ≡ µϕ /µρ as
−4p(R2 /R1 )1+u
,
(−1 + p)2 − (1 + p)2 (R2 /R1 )2u
(−1 + p2 )R22 [1 − (R2 /R1 )2u ]
B = Ha
.
(−1 + p)2 − (1 + p)2 (R2 /R1 )2u
A = Ha

(2.13)
(2.14)

Equation (2.11) indicates that the field inside the shell is always uniform and has the
direction of the external applied field. The external distortion caused by the shell, the
second term of the Eq. (2.12), has a dipolar shape (i.e. is the same expression as the
potential created by a line dipole with magnetic moment per unit length ηx̂, with η
proportional to the constant B). The only case for which B = 0, and thus there is no
distortion, is for µϕ = 1/µρ (apart from the trivial case R1 → R2 ). Then p = 1 and
u = µϕ , simplifying A so that the field inside the shell is

Hin =

R2
R1

1−µϕ
Ha x̂,

(2.15)

same as in Eq. (2.7). For non-conjugate permeabilities, we first consider the case of
µρ µϕ > 1 (p > 1). Then B > 0 and the distortion corresponds to a dipole with
magnetic moment in the direction of the applied field, so that the total field lines are
attracted by the shell (a distortion similar to that caused by a ferromagnetic material,
see Fig. 2.2c). For µρ µϕ < 1 (p < 1), B < 0 and the distortion corresponds to a dipole
in the opposite direction, expelling the total field lines (similar to the distortion of a
2

Throughout this work we will restrict to positive values of magnetic permeability.
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diamagnetic material, see Fig. 2.2d). The conjugate case µρ µϕ = 1 is the middle case
in which lines are kept exactly uniform. Notice this last discussion on the distortion for
non-conjugate shells cannot be done from transformation optics results. In that case
the transformation keeps the external space undistorted and, thus, results only consider
cases in which the external field is unperturbed.
In view of these results, a homogeneous anisotropic shell with µϕ = 1/µρ and 1 
µρ > 0 will be the starting point for the design of the antimagnet. Although such
shell provides magnetic cloaking, leaving any external field unperturbed, this is not an
antimagnet because the magnetic field created by a source in its interior would leak to the
exterior. To avoid this we introduce a superconducting layer at the inner surface of the
shell, modeled with a zero relative permeability (µ = 0). Then, applying magnetostatic
boundary conditions at its inner surface, it can be demonstrated that condition (i) is
fulfilled. Introducing such a superconducting layer does not substantially modify the
property of cloaking, as long as the angular permeability is sufficiently larger than 1,
because in this case magnetic field is mostly excluded from the interior part of the shell
and, thus, the distortion caused by the superconductor is very small (see Fig. 2.2e).
In this way an antimagnet design is being outlined: an inner superconducting layer
and an outer homogeneous shell. However, this scheme alone cannot yet solve our
goal of a feasible design, because the outer shell would require fine-tuned anisotropic
permeability values and such kind of materials are not available.
It is worth to remark that a similar development can be done considering an homogeneous anisotropic spherical shell. If the two magnetostatic Maxwell equations are
solved for a uniform external applied field, we find the exterior field is undistorted if the
relative permeability components of the shell (in the spherical base) fulfill


1
1
µϕ = µθ =
1+
.
(2.16)
2
µr
Notice this non-distortion condition is essentially different from that for the cylindrical
case (µϕ = 1/µρ ). Actually, this solution for the spherical case cannot be obtained from
transformation optics theory applying a radial space transformation analogous to that
used for the cylinder. The field inside the shell is found to be
 2−2µθ
R2
Hin =
Ha .
(2.17)
R1
This shows that, for the spherical case, an homogeneous anisotropic shell fulfilling Eq.
(2.16) with µϕ = µθ  1 also acts as a magnetic cloaking shell.

2.1.2

Antimagnet design

The cylindrical homogeneous anisotropic shell with permeability components µϕ =
1/µρ cannot be directly realized with existing magnetic materials. Such fine-tuned
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Figure 2.3: Optimum values of µSC
as a function of the number of layers and for different values of
ρ
µFM .

magnetic anisotropy will be obtained from an artificially engineered material, which we
can consider it as a magnetic metamaterial [106].
For this purpose we make use of two kinds of cylindrical layers: one type consisting of
a uniform and isotropic ferromagnetic (FM) material with constant relative permeability
FM ) and a second type having a constant value of radial permeability
= µFM
(µFM
ϕ ≡ µ
ρ
SC
SC
µρ < 1 and µϕ = 1. The first (isotropic) kind of layers could be made of a soft
magnetic material (e.g. a steel), and the second one could be realized with arrays of
superconducting (SC) plates [100, 101, 102]. These arrays exhibit a smaller-than-one
relative permeability in the direction perpendicular to the plates (tunable by changing
the distances between them) and no magnetic response in the parallel direction. Alternating these two kinds of layers we can outline a shell with the required effective
anisotropic permeabilities; a large angular permeability provided by the ferromagnetic
layers and a smaller-than-one radial permeability from the superconducting ones.
To find the appropriate values of permeabilities for the two kinds of layers we follow
a numerical optimization method. First we fix the radii of the shell (R1 and R2 ) and the
number of layers, n, into which the shell is being discretized. An ideal superconductor
with µ = 0 is placed inside and a certain permeability for the FM layers µFM > 1 is
set. Considering a uniform external applied field, the radial permeability of the other
layers, µSC
ρ , is tuned so that the external field is not distorted. For the particular case of
FM
µ
= 6 and a shell of n = 10 layers, we find the optimum µSC
ρ = 0.104. The numerical
simulation of this case is shown in Fig. 2.2f, demonstrating the external applied field is
undistorted whilst field lines are diverted around the inner cloaked region. Notice the
optimum µSC
ρ = 0.104 is smaller than the conjugate value of permeability of the FM
FM
layers 1/µ
= 1/6 ' 0.167. This is understood by taking into account that these FM
layers are isotropic and they also provide an extra radial permeability that has to be
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Figure 2.4: (a) The field of a line dipole (white) is clearly modified when a second dipole (b) is placed
pointing to the opposite direction. (c) When an antimagnet surrounds one of the dipoles, the external
field distribution is the same as when there was a single dipole. The distortion caused by antimagnets
with different number of layers is calculated, for n = 10, 20 and 30 (d, e and f, respectively). Light and
dark green regions indicate points where the distortion (calculated as the difference between the total
field and the field of the dipole, | B − Bdip | / | Bdip |) exceeds 1% and 3%, respectively.

compensated by a smaller radial permeability of the SC layers.
The result of cloaking with ten layers and µFM = 6 is not unique; the same procedure
could be done for other values of permeability of the FM layers and for different number
of layers. In Fig. 2.3 we show the optimum values of µSC
ρ as a function of the number of
layers and for different µFM [110]. From this plot notice that the optimum values of µSC
ρ
tend to saturate when the number of layers increases. This indicates that, for a uniform
applied field, the discretized system approaches the ideal homogeneous anisotropic shell.
Finally, it is only left to study the performance of antimagnets when non-uniform
fields are applied. This is demonstrated in panels of Fig. 2.4, where (a) the magnetic
field lines created by a line dipole (with translational symmetry along the z-axis) is
shown. Field lines created by two dipoles are clearly different, as shown in b. When one
of the two dipoles is surrounded by an antimagnet (c) the field outside it is the same
as when only one of them was present; the field of the surrounded dipole does not leak
to the exterior and the field of the external dipole is unaffected by the shell. Although
field lines in Fig. 2.4c do not show a clear distortion, the performance of antimagnets
for non-uniform applied fields have to be analyzed carefully, since the optimized µSC
ρ
values have been obtained only considering uniform applied fields. For this purpose
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we calculate the distortion caused by antimagnets with different number of layers (see
Fig. 2.4d-f ) when the field of a line dipole is applied near the external surface. We see
that in this case a certain field distortion appears, and this is more important near the
device. The larger the number of layers it has, the less distortion it causes. This can be
understood by reminding that the homogeneous anisotropic shell does not distort any
external applied field. As long as the angular permeability is large enough so that the
effect of the inner SC can be neglected, the distortion caused by the antimagnet is only
related to the discretization of the shell. For this reason, the larger the number of layers
(i.e. the better discretization), the less the external field distortion. In addition, the
discretization of the shell becomes more critical when the applied is more inhomogeneous
(for example when the dipole is nearer to the antimagnet), making necessary the use of
more layers.
In this way we have found a feasible design of antimagnet, which allows to magnetically cloak any magnetic material (even a source of magnetic field) for any externally
applied magnetic field. Interestingly, Narayana and Sato made an experimental realization of such metamaterial-based static magnetic cloaks, using a material composed of
artificially patterned superconducting and soft ferromagnetic elements [111].

2.2

SC-FM bilayer to cloak uniform applied fields

In the previous section we designed antimagnets that cloak any external applied
field in an approximate way because of its discretized design. The more inhomogeneous
the applied field is, the larger the number of layers required to minimize the distortion.
However, as seen in Fig. 2.3, uniform applied fields can be cloaked considering small
numbers of layers. In this section we explore whether systems consisting of only two
homogeneous isotropic layers can cloak uniform applied fields [112].

2.2.1

Analytical derivation

Consider two concentric cylindrical shells (with translational symmetry along the z
axis), made of linear homogeneous isotropic magnetic materials with relative permeabilities µ1 (internal) and µ2 (external). The interior shell has an inner radius R0 and outer
one R1 , and the external shell has an inner and outer radii R1 and R2 , respectively. A
uniform field is applied Ha = Ha x̂ and we define a scalar magnetic potential H = −∇φ
because there are no free currents. Since materials are homogeneous and isotropic, potential has to fulfill the Laplace equation in all regions of space plus the corresponding
boundary conditions. Imposing the potential at ρ → 0 is finite, at ρ → ∞ tends to
the applied one (−Ha ρ cos ϕ) and setting the magnetostatic boundary conditions at the
interfaces between the materials we can find the solution of the potential in all regions
of space (inside the interior hole, within the two different shells and outside them). In
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particular, inside the hole and outside the bilayer the potential is
φ(ρ, ϕ) = −Aρ cos ϕ,


B
φ(ρ, ϕ) = −Ha ρ +
cos ϕ,
ρ

ρ < R0 ,

(2.18)

ρ > R2 ,

(2.19)

where A and B are constants that depend on the permeabilities of the two shells and
on the radii. This shows the field inside the shell is always uniform, as in the case of an
homogeneous anisotropic shell [sect. 2.1.1, Eq. (2.11)]. Interestingly, the expression of
B indicates there is a combination of positive permeabilities of the shells for which the
distortion of the external applied field is zero
µ2 =

2(R12

−

R22 )[(1

K
+
− µ1 )R02 − (1 + µ1 )R12 ]

p
−4µ1 [(1 − µ1 )R02 − (1 + µ1 )R12 ][(1 − µ1 )R02 + (1 + µ1 )R12 ](R1 − R2 )2 (R1 + R2 )2 + K2
,
2(R12 − R22 )[(1 − µ1 )R02 − (1 + µ1 )R12 ]
(2.20)
being K an auxiliary parameter defined as
K ≡ (µ21 − 1)(R02 − R12 )(R12 + R22 ).

(2.21)

Even though this combination of permeabilities leads to zero external field distortion,
a magnetic cloak requires that fields do not penetrate into the interior hole. This can
be ensured by setting the permeability of the inner shell to zero, i.e. considering the
inner shell is an ideal superconductor. As explained in section 2.1, this magnetically
decouples interior and exterior regions, also preventing the field of an inner magnetic
source to leak to the exterior. In this particular case of µ1 = 0 expressions of A and B
are
A = 0,
B = Ha R22

(2.22)
(µ2 + 1)R12 − (µ2 − 1)R22
.
(µ2 − 1)R12 − (µ2 + 1)R22

(2.23)

Notice that B does not depend on the inner radius of the ideal superconducting shell
because the field is completely expelled from it. More interestingly, we can find a value
of µ2 for which B = 0, so that the external field is exactly undistorted [112]
µ2 =

R22 + R12
.
R22 − R12

(2.24)

This relevant result shows that a uniform external applied field can be exactly cloaked
using only two layers made of homogeneous isotropic materials; an inner superconducting
layer surrounded by a soft ferromagnetic one with relative permeability µ2 > 1 given by
Eq. (2.24). In Fig. 2.5a we show the numerical calculation of a cylindrical bilayer system
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that exactly cloaks a uniform applied field. The two separate parts distort the field; the
exterior ferromagnetic shell attracts field lines (b) and the inner superconductor expels
them (c). The compensation occurs only for a particular permeability, and it is possible
because the distortions of the two materials are opposite but exhibit the same spatial
dependence [113].
An analogous analytical derivation can be done considering two concentric spherical
shells. If the inner one is an ideal superconductor, the permeability of the outer shell
for which the external applied field is exactly undistorted is [112]
µ2 =

2R23 + R13
.
2(R23 − R13 )

(2.25)

When the applied field is non-uniform, the exact compensation no longer occurs and
the bilayer slightly distorts the field (see the numerical calculation for the field of a line
dipole and a cylindrical bilayer cloak in Fig. 2.5d). Actually, the more inomogenous the
applied field is, the larger the distortion caused by the bilayer. However, this distortion
is much less than that caused by the inner superconducting shell alone, for example.
Moreover, numerical calculations indicate that this distortion can be reduced by thinning
a

b

d

e

c

Figure 2.5: (a) Numerical calculation of a cylindrical bilayer cloak consisting of an exterior ferromagnetic shell (orange) with µ2 = 3.54 and an inner ideal superconducting shell (gray), with R1 /R1 = 1.34
and fulfilling Eq. (2.24). The FM and SC parts alone distort the field attracting field lines (b) and expelling them (c), respectively. Calculations showing the distortion regions caused by cylindrical bilayers
with (d) R2 /R1 = 1.15 and (e) R2 /R1 = 1.025, when the field of a line dipole (placed at a distance of
2.5R1 from the center of the bilayer) is applied. Light (dark) pink regions indicate where distortion is
larger than 1% (5%).
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the exterior ferromagnetic shell (see Fig. 2.5e), R2 → R1 , and using the corresponding
µ2 given by Eq. (2.24) (µ2 → ∞). A deeper study on the distortion caused by spherical
bilayer cloaks for non-uniform applied fields is found in chapter 5.

2.2.2

Experimental realization

A cylindrical bilayer cloak was built to experimentally demonstrate its cloaking properties. This experimental work was performed in collaboration with the group of F.
Gömöry in the Slovak Academy of Sciences.
Instead of the uniform superconducting and ferromagnetic cylindrical shells proposed in the ideal bilayer, the inner shell consisted of few turns of high-temperature
superconducting tape, and the outer layer was composed of few turns of an iron-based
commercial alloy sheet. The superconducting layer was made of two turns of a superconducting tape 12mm wide, which contained a 1µm thick layer of cuprate superconductor
ReBCO. The superconductor was wrapped on top of a cylindrical plastic former of diameter Φin = 12.5mm and an insulating kapton layer was inserted between the turns. The
outer ferromagnetic layer was made of seven turns of a Fe18 Cr9 Ni alloy sheet, having
a thickness of 100µm. A 215µm thick kapton layer was introduced between them (see
Fig. 2.6a). The final radii ratio of the bilayer was R2 /R1 = 1.34, which would require
a µ2 = 3.54 [calculated through Eq. (2.24)]. Although the relative permeability of the
ferromagnetic sheet was measured between 11 and 18, the alternation of the sheet with
the kapton layers (with no magnetic response) decreased the effective permeability of
the whole set, approaching it to the theoretical required value. The length of the bilayer
cloak was L = 12mm.
The uniform applied field was created by a pair of race-track electromagnets, and
the bilayer was placed between them. The vertical component of the field, By , was
measured by a Hall probe in the median plane of the bilayer along the line transversal
to its axial length (green dashed line in Fig. 2.6b). Three different measurements
were performed: (i) FM only at room temperature (i.e. superconducting tape over its
critical temperature, thus electromagnetically inactive), (ii) SC only at 77K (removing
the exterior FM shell and submerging the device into liquid nitrogen) and (iii) SC-FM
bilayer at 77K.
The calculated vertical component of the field along the measuring line for the three
cases is plotted in Fig. 2.6c, assuming an exact bilayer with ideal parameters and the
dimensions used in the experiments. The superconductor and the ferromagnet repel and
attract field lines so the vertical component of the magnetic field in the central region
tends to be smaller and larger than the applied field, respectively. When the bilayer is
complete, the applied field is unaffected. Results of our experiments (Fig. 2.6d and e)
show that the magnetic signature of our bilayer cloak practically left the applied field of
40mT unaffected, and the measured distortion was much smaller than that for the cases
of the SC or the FM alone. The small deviations observed in the experiments probably
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Figure 2.6: (a) Illustration of the bilayer cloak, showing the different turns of SC and FM materials.
(b) Sketch of the experimental setup; electromagnets are shown in brown and the support for the Hall
probe in blue. (c) Calculated vertical y-component of field along the line at 0.3mm above the surface of
the bilayer, as indicated by the dashed line in b. Parameters were R2 /R1 = 1.34, µ1 = 0 and µ2 = 3.54,
corresponding to values for an exact cloak. (d) Measured vertical component of field for an applied field
of 40mT. (e) Difference between maximal and minimal values of the vertical component of field for scans
taken from x = −10 to 10mm at various heights y. In all cases red lines correspond to measurements
of the FM alone (at room temperature), green lines of the SC alone (at liquid nitrogen temperature)
and blue lines correspond to measurements of the complete SC-FM bilayer cloak (performed at liquid
nitrogen temperature).

resulted from the short length of the bilayer, comparable to its diameter, and also from
the nonideal behavior of the SC and FM materials. The magnetic undetectability of the
bilayer was also substantial at some distance from it, as can be seen from the mapping
at different vertical heights above the surface (Fig. 2.6e).
These experiments demonstrated that magnetic fields can be cloaked with a simple
bilayer structure made of superconductors and ferromagnetic materials. Results were
obtained using only commercially available materials, for fields as large as 40mT and
at liquid-nitrogen temperatures, indicating that these ideas may be readily applied to
actual technologies. In fact, a bilayer magnetic cloak based on this research is already
being used in some accelerator-based nuclear physics experiments performed at the
Department of Physics and Astronomy of Stony Brook University [114, 115].
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The design could also be applied to other practical problems. For example, after an
appropriate development, a magnetic bilayer cloak could allow patients with pacemakers
or cochlear implants to use medical equipment based on magnetic fields, such as magnetic
resonance imaging. The cloak would prevent magnetic fields to affect the implanted
devices and would not distort the image of the rest of the body.
Apart from these applications for magnetic fields, results of this research have inspired new cloaking strategies that have been applied to other areas. Similar bilayer
structures made of bulk materials have been used to build different thermal cloaks
[97, 98]. A bilayer cloak for diffusive light has also been realized recently [99].

2.3

SC-FM bilayer for low-frequency time-dependent applied fields

The SC-FM bilayer cloak of section 2.2 was designed assuming magnetostatic conditions. In this section we study whether this simple but powerful solution for static
magnetic fields can be extended to other frequency regions [116]. Obviously, a direct
translation to optical, infrared or even microwave regions is impossible, because the electric and magnetic fields are intertwined. Here we study the performance of the SC-FM
bilayer cloak for low-frequency time-dependent applied magnetic fields. In this regime,
valid for frequencies up to thousands of Hz, the involved wavelength is much larger than
any size of the device so the field distribution is quasistatic. This part of the electromagnetic spectrum has a particular technological interest, since most of the electromagnetic
technology (electric generators, transformers, etc.) works in these conditions.

2.3.1

Bilayer construction and measurements

A longer SC-FM bilayer cloak was made in order to reduce the end effects. Four
pieces of SC coated conductor were used to build the interior layer and a FM foil (made
of steel with 18% Cr and 18% Ni) the outer one (see Fig. 2.7a). The final dimensions
were R1 = 10.7mm, R2 = 12.1mm and L = 70mm. The performance of this bilayer
cloak was first studied for a uniform static magnetic field of 21mT, obtaining similar
results to that for the cloak discussed in section 2.2.2.
Then, a time-dependent uniform magnetic field was applied, following the
calibration-free method for ac magnetization loss measurements described in [117]. An
oscillatory input current, iac , with frequency f created the time-dependent applied magnetic field, and the voltage induced in the pick-up coils with the same frequency (first
harmonic) due to the magnetic response of the cloak, us , was measured. The part of the
voltage in phase with the applied current, us,loss , is related to the electromagnetic losses
in the sample. The out-of-phase part of the voltage, us,ind , is proportional to the time
derivative of the magnetic flux in the pick-up coils due to the presence of the cloak. In
the experiment the two components were measured by a lock-in technique for different
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Figure 2.7: (a) Picture of the two parts forming the magnetic cloak. (b) Measured voltage component
us,ind /f for the SC, the FM and the SC-FM bilayer (red, blue and purple symbols, respectively) together
with the corresponding fitting curves (solid lines). (c) Measured component us,loss /f (symbols) with
plots (solid lines) of Eq. (2.28) using the fitting parameters. Square, circle, triangle and diamond
symbols correspond to measurements at different frequencies of 144, 72, 36 and 18Hz, respectively. (d)
Calculated Rayleigh loops using Eq. (2.26) and the fitting parameters for different values of maximum
field Hm .

amplitudes of applied field (ranging from 0 to 12mT) and at different frequencies (f
between 18 and 144Hz). Measurements were performed for three different cases: (i) the
FM layer only, (ii) the SC only and (iii) the SC-FM bilayer. Results are shown in Figs.
2.7b and c.

2.3.2

Interpretation of the results by the Rayleigh model

The values of us,ind for the SC and the FM parts alone have opposite signs and
non-negligible values even for small applied fields. For the SC-FM bilayer, values are
close to zero for fields up to 7mT, showing that the contributions from the two constituting parts cancel each other, in analogy to the cancellation occurred in the static case.
Differently, regarding the resistive part of the signal, us,loss , the signal of the bilayer
increases continuously and is larger than that of its two constituting parts separately.
Since this part of the signal is related to the dissipated energy, this means the bilayer
has a hysteretic behavior characterized by a certain magnetization loop with a non-zero
width, which would make the bilayer cloak detectable.
The behavior of the bilayer and its constituting parts can be understood more deeply
by deducing the basic features of their magnetization loops. For low applied fields,
superconductors and ferromagnetic materials can be modeled by a Rayleigh model [118],
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which assumes the ascending and descending branches of the magnetization loop can be
approximated to

1
2
M = (χa + ηHm ) H ± η H 2 − Hm
,
(2.26)
2
where M is the magnetization of the sample, H is the applied field, Hm is the maximum applied field and χa and η are two independent parameters. By comparing this
expression with that of the fundamental loop one can relate the two measured voltage
components with the different parameters of the model through [14, 116, 119]
us,ind
2
= χa Hm + ηHm
,
f
us,loss
1
2
α
= ηHm
,
f
2

−α

(2.27)
(2.28)

being α a calibration constant that depends on the susceptometer. By fitting the signals
us,ind /f to second grade polynomials we determined the parameters −χa /α and −η/α
for each case using Eq. (2.27) (see the fitting solid lines in Fig. 2.7b). These parameters
were used to calculate us,loss /f through Eq. (2.28); results are plotted in solid lines in
Fig. 2.7c, showing consistency with the measurements for low fields.
Using these fitting parameters the corresponding Rayleigh loops were plotted through
Eq. (2.26) for different values of maximum applied field µ0 Hm =3, 5 and 7mT (see Fig.
2.7d). These plots show that the cancellation of us,ind for the SC-FM bilayer at low
fields arises from the compensation of the magnetic response of the SC and FM parts.
As seen from the loops, the magnetization at the maximum amplitude of applied field
for the SC and the FM parts separately are approximately equal with opposite signs.
For the SC-FM bilayer they cancel each other making us,ind close to zero for fields up
to 7mT. For larger fields, the FM contribution dominates and us,ind is no longer zero.
On the other hand, the non-negligible signal us,loss measured even at low fields for
the SC-FM bilayer reveals losses during the cycle. Most of the losses come from the
ferromagnet, as can be seen from the signals of us,loss for the SC and the FM parts
alone and also from the corresponding loops, because loops for the FM are much thicker
than that for the SC. These losses should mainly arise from the FM magnetic hysteresis
rather than eddy currents associated to the electrical conductivity, because us,loss is
proportional to the frequency. Loops show the compensation of the SC and FM parts
forming the bilayer at the maximum amplitude of applied field is almost perfect, but at
other points of the cycle their response is different and a net magnetic moment appears,
making the bilayer magnetically detectable. This imbalance is mainly caused by the
non-linear response of the FM part. If ferromagnetic materials with smaller hysteresis
(magnetically softer) were selected, the cancellation of the FM and the SC parts would
better extend to the whole cycle, and the width of the SC-FM bilayer loops would be
very much reduced, leading to smaller values of us,loss . In this case there would be
a cancellation of the two components of the measured voltage and the cloak (and its
content) would be magnetically undetectable along the entire cycle.

2.4 Chapter summary and conclusions
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These experiments show that, in addition to the full electromagnetic regime and
the simpler static case, a third regime of non-zero frequencies exists in which fields are
actually oscillating but still the advantages and the solutions obtained for the static case
can be used. Therefore, the important advantages of applying transformation optics
to the static case can be extended to the low-frequency range of the electromagnetic
spectrum, opening the way to novel applications in electromagnetic technology.

2.4

Chapter summary and conclusions

The ”invisibility” concept traditionally associated to visible light can be generalized
and extended to other cases of large scientific and technological interest. Applied to the
static magnetic case, we have shown that feasible solutions employing actual commercial
materials can be found for cloaking magnetic fields.
The problem has been first addressed with transformation optics theory, and we
have shown that magnetic fields can be cloaked with an homogeneous anisotropic shell.
The properties required for such shell can be approximated using superconducting and
ferromagnetic materials. In this line we have presented antimagnets that cloak any
magnetic material (even a source of field) and can be realized using existing technologies
and materials. A general strategy to discretize homogeneous and anisotropic shells has
been introduced, showing a whole family of solutions that lead to cloaking of magnetic
fields.
Important alternative and simpler solutions for magnetic cloaking have been found by
solving the magnetostatic Maxwell equations. It has been analytically demonstrated and
experimentally confirmed that a bilayer system composed of an inner superconducting
shell surrounded by a ferromagnetic one is able to cloak uniform magnetic fields. This
design cannot be derived from transformation optics and reveals that in the static case
there is room to find alternative solutions requiring less demanding materials.
Interestingly, we have shown that the simpler solutions for the static case can also be
valid for time-varying fields of low frequency. Experimental measurements have shown
that the bilayer magnetic cloak is partially undetectable for frequencies up to some KHz.
Moreover, the imperfections of the cloaking effect in our experiment have not arisen from
an intrinsic limitation of the design but from the non-linear response of the particular
ferromagnetic materials used, something that could be eventually improved. These
experiments, thus, have demonstrated that the simpler solutions for static magnetic
fields could also be useful for low-frequency waves, extending the application of the
different cloaks presented in this chapter.
To sum up, we have developed different magnetic cloaks that can be realized with
adequate combinations of existing superconducting and ferromagnetic materials. The
experimental validation of the ideas, not only in the static magnetic case but also for
low-frequency waves, indicates that results of this research could be readily applied
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to different technologies in which is desirable to magnetically shield a region without
distorting the existing field distribution.

CHAPTER

3

Concentration of magnetic fields

Magnetic fields are found at the basis of key technologies, like magnetic data recording, energy generation, accurate sensing or plasma confinement, for example. An important goal is to concentrate magnetic fields in a desired point or volume of space. This
could increase the sensitivity of a sensor or improve the performance of power generators
and transformers. Medical techniques based on magnetic fields (like magnetic resonance
image or transcranial magnetic stimulation) could also benefit from this property, since
many or them are based on the application of strong magnetic fields in particular places
of the human body.
Strategies to concentrate electromagnetic fields have been widely investigated for
different purposes and following very different approaches. Apart from traditional dielectric lenses, whose concentration properties are tied to the diffraction limit of the
electromagnetic wave, light concentrators based on plasmonics have demonstrated an unprecedented ability to concentrate light into deep-subwavelength volumes [120, 121, 122].
Transformation optics has been applied to investigate the concentration properties of
some of these devices [50, 51, 52], which could have important applications for efficient
light harvesting, subwavelength optics or high-density data storage.
Transformation optics has also been applied to design macroscopic electromagnetic
concentrators [31]. The underlying idea is opposite to that of the cloaking; the space
is transformed concentrating it into an inner small volume of space. Such electromagnetic concentrator requires fine-tuned inhomogeneous and anisotropic permittivities and
permeabilities within the shell volume. Moreover, the inner region where the electromagnetic wave is concentrated also requires materials with particular electromagnetic
properties. All this makes this kind of concentrator very impractical.
In this chapter we develop a concentrating shell for static magnetic fields. Our aim
35
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is to present a feasible design and compare its performance with existing strategies for
magnetic field concentration. Its application to low-frequency time-dependent magnetic
fields will be also discussed.

3.1

Homogeneous anisotropic cylindrical shell for magnetic field concentration

A cylindrical concentrating shell can be designed by transformation optics applying a
space transformation closely related to that used to design the homogeneous anisotropic
cloaking shell (sect. 2.1.1). Consider an inner and outer radii for the shell R1 and
R2 , respectively. Defining a parameter R0 between R1 and R2 (R1 < R0 < R2 ), the
space transformation expressed in Eq. (2.4) corresponds to a compression of the space
ρ ∈ [0, R0 ) into ρ0 ∈ [0, R1 ), as sketched in Fig. 3.1b. In this case the transformation
of Eq. (2.2) expands the space ρ ∈ [R0 , R2 ) into ρ0 ∈ [R1 , R2 ) (see Fig. 3.1c) and keeps
the transformed space continuous as long as Eq. (2.3) is fulfilled [123].
From Eq. (2.3) it can be seen the k parameter now ranges from 1 (when R0 → R1 ) to
∞ (when R0 → R2 ). This reveals a beautiful symmetry between the cloaking and concentration cases, since the two effects can be seen as part of a continuous transformation
that only depends on a single parameter R0 [110]. For R0 between 0 and R1 (0 < k < 1)
the space is moved out from the central part and a cloaking region is obtained, whilst
for R0 between R1 and R2 (1 < k < ∞) the space is concentrated inside the shell.
Owing to this symmetry, material parameters obtained for the cloaking case [Eqs.
(2.5) and (2.6)] are also valid for the concentrator. Assuming there are no z-components
of field and there is translational symmetry along the z-axis, a cylindrical concentrating
shell requires the following relative permeability components (expressed in the usual
cylindrical basis)
µρ = k,

µϕ = 1/k,

ρ0 ∈ [R1 , R2 ),

(3.1)

µρ = 1,

µϕ = 1,

ρ0 ∈ [0, R1 ),

(3.2)

with k > 1. This means that an homogeneous shell with large radial permeability and
conjugate angular one concentrates the applied magnetic field in its interior. Interestingly, this magnetic concentrating shell does not require material in the interior region,
as indicated by Eq. (3.2). This result contrasts with that of the concentrator for electromagnetic waves [31], which requires filling the interior space with materials having the
appropriate permittivity and permeability. For this reason the magnetic concentrator
represents an ideal collector for energy harvesting or for increasing the sensitivity of a
magnetic sensor placed inside.
Fields in all regions of space can be calculated from transformation optics theory
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Figure 3.1: Sketch of the space transformations that lead to an homogeneous anisotropic concentrating
shell.

obtaining the same expressions as for the cloaking case [Eqs. (2.7)-(2.9)]
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(3.3)

(3.4)

(3.5)

where H(ρ, ϕ) is the external applied field expressed in the cylindrical basis. These
results show the external field is not distorted by the shell [Eq. (3.5)], whilst the field
is enhanced in the interior hole [Eq. (3.3)]. Restricting to positive permeabilities, the
maximum field concentration is obtained for k → ∞, corresponding to R0 → R2 . In
this case the shell requires µρ → ∞ and µϕ → 0.
In this case of maximum concentration, if a uniform field Ha is applied, the field
inside the shell is
R2
Hin =
Ha ,
(3.6)
R1
indicating that strong fields can be obtained by making the inner radius small, for
example (see Fig. 3.2a).
For non-uniform applied fields, Eq. (3.3) shows not only the field modulus but also
its spatial variation increases inside the shell. Consider the case of a line dipole with
magnetic moment pointing to the vertical direction η = η ŷ aligned with the origin at a
distance y0 = −d. The vertical component of the field along the y-axis and its gradient
are found to be
∂Hy
η
η
Hy =
(y + d)−2 ,
= − (y + d)−3 .
(3.7)
2π
∂y
π
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If a magnetic concentrating shell with µρ → ∞ and µϕ → 0 is placed centered at the
origin, the field in the interior region and the gradient can be calculated through Eq.
(3.3) finding [123]

−2
−3
 2 
∂Hy
R2 η R2
R2
η R2
y+d
y+d
Hy =
,
=−
.
(3.8)
R1 2π R1
∂y
R1
π R1
This result shows the field is enhanced by the radii ratio of the shell whilst the gradient
is increased by a larger factor corresponding to the square of the radii ratio. Therefore,
magnetic concentrating shells could be specially useful to improve sensors that measure
gradients of magnetic field, as is the case of some biosensors [124] for measuring the
human brain response in magnetoencephalographies [125, 126] or for detecting single
magnetic microbeads [127].

3.1.1

Magnetic concentrating shell in terms of magnetic energy redistribution

The concentration properties of this shell can be also understood in terms of magnetic
energy redistribution. Consider a certain external applied field and a concentrating shell
with µρ = 1/µϕ . Since the external field is not distorted by the shell [Eq. (3.5)], the
magnetic energy density distribution in the external space is unaffected. Within the
shell volume, the H field is given by Eq. (3.4) and the B field is found to be


 
 1−µϕ
1−µϕ

R2
R2
0
0
0
0
0

Hρ
ρ ,ϕ ,
B ρ (ρ , ϕ ) = µ0 ρ0
ρ0
 

(3.9)
 1−µϕ
1−µϕ

R
R
0
0
0
0
0
2
2

Hϕ
ρ
,
ϕ
.
B ϕ (ρ , ϕ ) = µ0 µϕ ρ0
ρ0
Interestingly, in the case of maximum concentration µρ → ∞ and µϕ → 0 expressions
simplify and fields are
 R2

H0 ρ0 , ϕ0 = 0 Hϕ R2 , ϕ0 ϕ̂,
(3.10)
ρ


R2
B0 ρ0 , ϕ0 = µ0 0 Hρ R2 , ϕ0 ρ̂,
(3.11)
ρ
showing that the B field is radial and H is angular. Therefore, the magnetic energy
density w = B · H/2 is zero in the shell volume, demonstrating that the energy is
transferred to the interior hole (see Fig. 3.2b), where the field is increased. For nonextreme concentrating shells (µρ = 1/µϕ > 1), the energy within the shell is not totally
expelled towards the interior hole and, thus, the field concentration is reduced.
Ideal FM and SC materials also redistribute the magnetic energy density. Actually,
both materials have zero energy density in their interior, because B = 0 inside the SC
and H = 0 inside the ideal FM. However, a cylindrical shell made of SC or FM material
does not transfer the magnetic energy to the interior hole but expels the energy towards
the exterior, as can be seen in Fig. 3.2c. The energy (and the field) inside the interior
hole is zero, and such shells are used to shield magnetic fields.
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Figure 3.2: Magnetic field lines and their density (in color, normalized to the applied field) for (a)
an homogeneous anisotropic shell with µρ = 1/µϕ → ∞ and R2 /R1 = 4 and for (d) two slabs of
ideal superconducting material with µ = 0. Plots of magnetic energy density for (b) an homogeneous
anisotropic shell µρ = 1/µϕ → ∞, (c) a shell made of ideal soft ferromagnetic material with µ → ∞,
(e) two slabs of ideal superconducting material with a height h = 4b and with (f ) h = b/10. In all cases
a uniform external field is applied.

3.1.2

Demonstration of maximum field concentration by a conjugate
shell

The maximum field concentration of conjugate concentrating shells is achieved when
µρ → ∞ and µϕ → 0. However, the design from transformation optics only considers
the case in which the external applied field is undistorted by the shell. It has to be
studied whether non-conjugate cylindrical shells (i.e. shells that distort the external
applied field) with arbitrary radial and angular permeability components achieve larger
concentration factors.
For this purpose we find the general solution of the magnetostatic Maxwell equations
when a uniform field is applied to an homogeneous anisotropic cylindrical shell. This
problem was already solved in the second part of sect. 2.1.1. We found that for an
applied field Ha = Ha x̂ the field inside the shell is Hin = Ax̂, with
A = Ha

−4p(R2 /R1 )1+u
,
(−1 + p)2 − (1 + p)2 (R2 /R1 )2u

(3.12)

p
√
p ≡ µρ µϕ and u ≡ µϕ /µρ . From this expression, considering a fixed µϕ , it can be
demonstrated [123] that the maximum field in the hole is obtained when µρ → ∞ and
is
2(R2 /R1 )
Hin (µρ → ∞, µϕ ) = Ha
.
(3.13)
2 + µϕ ln(R2 /R1 )
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This field is larger than that obtained with a conjugate shell with the same angular
permeability, Hin (µρ → ∞, µϕ ) ≥ Hin (µρ = 1/µϕ , µϕ ). Also, for a fixed µρ , the inner
field is maximized for µϕ → 0 and is

Hin (µρ , µϕ → 0) = Ha

2µρ (R2 /R1 )
,
2µρ + ln(R2 /R1 )

(3.14)

which is also larger than that for a conjugate shell with the same radial permeability,
Hin (µρ , µϕ → 0) ≥ Hin (µρ , µϕ = 1/µρ ). The absolute maximum of both Eqs. (3.13) and
(3.14) is found for µρ → ∞ and µϕ → 0. This result demonstrates that the maximum
field concentration obtained with an homogeneous anisotropic cylindrical shell is found
for the extreme conjugate case µρ → ∞ and µϕ → 0, which keeps the external field
undistorted and increases the inner field by a factor Hin /Ha = R2 /R1 .

3.1.3

Comparison to existing strategies for field concentration

The field concentration properties of this shell can be compared to the existing strategies to concentrate magnetic fields, which are typically used to increase the sensitivity
of different magnetic sensors [128, 129, 130, 131, 132, 133]. The usual concentration
strategy is based on two infinite slabs made of superconducting (or ferromagnetic) material, separated by a gap at which flux concentration is produced (see Figs. 3.2d and
e). The field is enhanced at the edges of the slabs, not only on the gap region but also
on the exterior ones. When reducing their thickness (h), the contribution from the edges
adds up and a rather intense magnetic field is achieved in the gap, although it is not
homogeneous but increases towards the edges and decreases at the central region (Fig.
3.2f ). The thin-film limit case (h → 0) was studied in detail in [134], and the flux per
unit length, Φ, and the average z-field in the gap, hBz i, were found as a function of the
geometrical parameters of the SC strips. These results can be compared with that for
the concentrating shell, identifying b = R1 and W = R2 (compare Figs. 3.2a and d).
Results are plotted in Fig. 3.3. This shows the average field inside the concentrator is
clearly larger than between two SC strips. Numerical calculations performed considering thick SC slabs show even smaller field concentrations than for the thin limit case.
More interestingly, the flux between two strips tends to zero when the gap is narrowed,
because field lines are diverted to the exterior limits of the strip. In contrast, the concentrator with µρ = 1/µϕ → ∞ achieves a constant flux, Φa = 2µ0 Ha W , that does not
depend on the radii ratio.
These results demonstrate that magnetic concentrating shells provide a completely
new strategy to concentrate magnetic fields, achieving a substantial improvement with
respect to the existing strategies that are being applied in actual devices and technologies.
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Figure 3.3: (Upper) Plots of the average field hBz i in the gap between two superconducting slabs
normalized to the applied field as a function of the gap ratio b/W (red dots). The thin-film limit
case is represented with a thick red line and the case of the homogeneous anisotropic concentrator
µρ = 1/µϕ → ∞ with a thick blue line. (Lower) Plots of the normalized flux for the same cases.

3.2

Field expulsion properties of the shell

In the previous section we discussed the concentration properties of the homogeneous
anisotropic magnetic concentrating shell for external applied fields. However, the behavior of such shell when a source of field is placed inside its hole cannot be directly deduced
from the previous development based on transformation optics, since the space inside
the hole ρ0 < R1 is transformed. The space transformation for the concentrating shell
keeps the external space ρ0 > R2 undistorted, whilst the space inside the shell ρ0 < R1
is compressed with respect to the original space, as sketched in Fig. 3.1c. If we now
take this inner compressed space as the reference, the external space is ”expanded” with
respect to it. This opens the way to interpret the previous homogeneous anisotropic
concentrating shell as coming from an alternative space transformation, keeping the
inner space undistorted and expanding the external space.
Consider an inner and outer radii R1 and R2 , respectively, and a parameter R1 <
R0 < R2 . From an initial undistorted space, the space inside R1 is not transformed.
The space ρ > R0 is expanded to ρ0 > R2 through the radial transformation
ρ0 =

R2
ρ,
R0

ρ ∈ [R0 , ∞),

(3.15)
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and the space R1 < ρ < R0 is expanded between R1 < ρ0 < R2 through
 k
ρ
ρ0 = R1
,
ρ ∈ [R1 , R0 ),
R1

(3.16)

where k fulfills the following equation to ensure the transformed space is continuous

R0 = R1

R1
R2

− 1

k

.

(3.17)

In this case k > 1, and for the extreme case of maximum space expulsion, R0 → R1 ,
then k → ∞. Applying these space transformations, and considering there are no
z-components of field, the required relative permeability components in the different
regions of space are found
µρ = 1,

µϕ = 1,

ρ0 ∈ [R2 , ∞),

(3.18)

µρ = k,

µϕ = 1/k,

ρ0 ∈ [R1 , R2 ).

(3.19)

Therefore, these space transformations lead to the same homogeneous anisotropic shell
with µρ = 1/µϕ > 1 that was designed to concentrate external applied fields. However,
this development demonstrates that when the source of field is inside the hole, the field
in the hole is undistorted and the external field is modified by the shell. The analytical
expression of the field outside the shell is found from transformation optics theory [Eq.
(1.28)] using the space transformation of Eq. (3.15) and is
!
 1−µϕ
 1−µϕ

R
R
1
1
H0 ρ0 , ϕ0 =
H
ρ0 , ϕ0 ,
ρ0 > R2 ,
(3.20)
R2
R2
where H(ρ, ϕ) is the field created by the source alone. The maximum expulsion is
achieved for k → ∞, i.e. for a shell with µρ → ∞ and µϕ → 0. In this case one can
calculate the field outside the shell when a line dipole (with translational symmetry along
the z-axis) is placed inside the shell. Considering that Hdip (η, ρ, ϕ) is the field created
by the bare dipole with magnetic moment per unit length η, it can be demonstrated
through Eq. (3.20) that the field outside the shell is [123]
 
  

 


R1
R2
R1
0
0
0
· Hdip η,
ρ, ϕ = Hdip
η, ρ, ϕ .
(3.21)
H ρ ,ϕ =
R2
R2
R1
This shows that the exterior field is the same as that created by a dipole with a larger
magnetic moment, (R2 /R1 )η. From an energy point of view, the shell acts expelling
the magnetic energy that would be within the material towards the exterior. Notice the
exterior field can be made arbitrarily large by decreasing the inner radius of the shell.
In this situation, the large values of magnetic energy density found close around the
dipole are moved to the external space, giving rise to large values of field.
The behavior of these magnetic concentrating shells with µρ = 1/µϕ > 1 can be
simply summarized as follows. When the source of field is located at the exterior, the
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shell expels (partially, for µρ = 1/µϕ > 1, or totally, in the limit µρ = 1/µϕ → ∞) the
magnetic energy towards the interior hole, where the field is described by Eq. (3.3). On
the other hand, when the field source is placed inside the shell, this analogously expels
the magnetic energy towards the exterior, where the field follows Eq. (3.20).

3.3

Concentration at a distance

These properties of the shells can be combined to redistribute the magnetic energy
in space with a new degree of freedom, resulting in not straightforward distributions of
magnetic field. Consider a line dipole in space, which creates a distribution of magnetic
energy density as shown in Fig. 3.4a. When the dipole is surrounded by one of the shells
with µρ = 1/µϕ → ∞ the energy is totally expelled towards the exterior (Fig. 3.4b). A
second shell can be used to collect all the energy density in a region and concentrate it
in its interior hole. A large value of energy density (and, thus, of field) can be obtained
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Figure 3.4: Left panels: the magnetic energy density of a line dipole (a) is spatially redistributed
towards larger radial distances by a concentrating shell with µρ = 1/µϕ → ∞ and R2 /R1 = 8 (b). (c) A
second identical shell collects all the energy in its volume and transfers it to its hole. Right panels: (d)
plot of the magnetic energy density of two identical dipoles separated by a given gap; when separating
and enclosing them with concentrating shells of radii ratios R2 /R1 = 4 (e), the magnetic energy density
between them is similar to that in the original case. When the inner radii of the shells is reduced so
that R2 /R1 = 10 (f ) the field in the middle region is clearly enhanced.
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at a point far from the source of magnetic field (see Fig. 3.4c). This large energy inside
the second shell was originally found at points near the dipole in the initial isolated
situation; the use of the shells has allowed to redistribute it in space.
A second example could be the redistribution of the energy between two dipoles.
Consider two bare line dipoles separated by a certain distance; the energy distribution
is shown in Fig. 3.4d. If we surround them with concentrating shells of radii ratios
R2 /R1 = 4 and separate each other to keep the same gap of free space, the energy
density in the middle space is similar to that in the initial case. Reducing the inner
radii of the shells (so that R2 /R1 = 10) the expelled energy is largely increased, and the
energy (and the magnetic field) between them is clearly enhanced (see Figs. 3.4e and
f ).
These cases are examples of how magnetic concentrating shells could be used to shape
magnetic fields in space in new ways. The concentration of field at a distance from the
source could be applied, for example, to enhance wireless power transmission techniques
based on electromagnetic induction [135]. The performance of the transmission crucially
depends on the mutual inductive coupling between the source and the receiver resonators
[136], something that could be improved by these shells. This application is discussed in
detail in section 3.5. The ability to increase the magnetic field in a region of free space
between the sources could be applied to medical techniques like transcanial magnetic
stimulation [137, 138], for which large magnetic fields are required at a given position
deep in the brain.

3.4

Realization using superconducting and ferromagnetic
materials

The ideal homogeneous anisotropic concentrating shells derived in the previous section require materials with very fine-tuned anisotropy, something not directly found
in natural materials. In particular, the most favorable concentrator would require
µρ = 1/µϕ → ∞, i.e. a very large permeability in the radial direction and zero angular permeability. Natural materials exist with large values of magnetic permeability
(soft ferromagnets). On the other hand superconducting materials ideally behave as
perfect diamagnets, having relative permeabilities close to zero.
The combination of these two materials in a series of alternated and radially displaced
pieces (wedges or even rectangular pieces, see Fig. 3.5a-c) constitutes a very good
approximation to the ideal concentrating shell. In these metamaterial concentrating
shells, the ferromagnets provide a large permeability in the radial direction whilst the
alternated superconductors cancel angular components of the field, leading to an effective
µϕ = 0. This is demonstrated by numerical calculations, shown in Fig. 3.5 [123]. For
large numbers of pieces (easily achieved in practice using commercially available thin
SC strips and high-permeability FM foil), the behavior becomes very similar to the ideal
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one [110].
It is worth to remark that configurations consisting of only FM pieces (without the
use of superconductors and their associated cryogenics) can also achieve significant field
concentrations, as shown in Fig. 3.5d. In these cases, magnetic B-field lines are radially
guided through the FM parts due to the demagnetizing fields appearing as a result of
the geometry of the pieces. The shape and the spacing between the pieces determine
the properties of the shell.
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Figure 3.5: Magnetic B-field lines and their density (in color, normalized to the applied field) for
(a) a metamaterial concentrating shell made of 72 wedges of alternating homogeneous and isotropic
ideal superconducting (µ → 0) and ideal soft ferromagnetic (µ → ∞) materials. (b) A similar shell
discretized into 72 rectangular prisms and (c) discretized into 36 pieces. (d) A metamaterial made of
only 18 thin ferromagnetic pieces also concentrates the uniform external applied field. (e, f ) Pictures of
the constructed metamaterial concentrating shell; the non-magnetic plastic support is shown in white
and the SC and the FM pieces are inserted into the 36 lodgings.

3.4.1

Experimental realization

Some concentrating shells were built to demonstrate their properties [139]. We constructed a metamaterial concentrating cylindrical shell made of 36 rectangular prisms
of alternated SC and FM materials. The FM pieces were made of commercial high permeability metallic alloy (mu-metal foil 0.3mm thick) and the SC ones were made of a
type-II SC coated conductor (SuperPower SCS12050) (see Fig. 3.5e and f ). Pieces were
radially distributed and fixed in a non-magnetic 3D-printed plastic support. The resulting metamaterial shell had an approximate interior and exterior radii of R1 = 7.5mm
and R2 = 30mm, respectively, and a height of 30mm.
First, a uniform external field was applied by two Helmholtz coils (see the setup
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Figure 3.6: (a) Sketch of the experimental setup to measure the concentrating properties of the
metamaterial shell. Two Helmholtz coils (red) created a uniform field. The shell (SC pieces in orange
and FM ones in dark gray) was centered and the Hall probe (blue) measured the field in the central
interior point, BzIN . (b) The measured field is plotted as a function of the field applied by the coils, Ba ,
(in symbols) for T < Tc in green and for T > Tc in red (horizontal and vertical error bars ∆Ba =0.04mT
and ∆B IN =0.002 mT, respectively, have been omitted for clarity). The corresponding linear fits are
presented in dashed lines together with the simulations results, in solid lines. The blue line shows the
field created by the bare coils. The calculated Bz field component is plotted in the planes IN and OUT,
(c), for the case of 18 SC+18 FM (i.e. T < Tc ), (d), and for the case of only 18 FM (T > Tc ), (e).

in Fig. 3.6a) and the field inside the shell was measured by a Hall probe. Results
of the concentrated field as a function of the field applied by the coils are shown in
symbols in Fig. 3.6b. The field was measured in two different conditions; with the whole
device submerged into liquid nitrogen (SCs below its critical temperature, Tc , and, thus,
activated) and also at room temperature (with the SC parts deactivated). Measurements
below Tc showed that field was increased by a factor 2.70 (green symbols and dashed
fitting line in Fig. 3.6b). Although the theoretical enhancement factor should be 4 for
an ideal infinitely long metamaterial, this figure was in excellent agreement with the
3D finite-element numerical simulation of the system (green solid line and Fig. 3.6d),
which considered the actual finite dimensions and assumed ideal magnetic permeabilities
for the materials (µFM → ∞ and µSC → 0). The difference in the field concentration
factor can be attributed to the finite size of the metamaterial and its discretized nature.
Regarding the measurements at room temperature, a concentration factor of 2.23 was
achieved even in this case when superconductors were deactivated (red symbols and
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Figure 3.7: (a) Sketch of the setup to measure the field expulsion. A small coil (red) was placed
inside the shell and fed with a constant current. The Bz field component was measured outside the
shell by the Hall probe along the centered line (pink) as a function of the distance to the center z. (b)
Measurement results are plotted in symbols; blue symbols are the field of the bare coil, green symbols
are measurements at T < Tc , and red ones at T > Tc . Solid lines show results of the corresponding 3D
simulations. Plots of the Bz field component in the median plane of these simulations for the case of
the coil alone, (c), 18 FM+18 SC (T < Tc ), (d), and 18 FM (T > Tc ), (e).

dashed fitting line in Fig. 3.6b). The corresponding simulation, shown in Fig. 3.6e,
considering only the 18 FM pieces, matched very well with these measurements (red
solid line).
The field-expulsion properties of the shell were measured by placing a small coil at
its center and feeding it with a constant current. The field Bz was measured outside
the shell as a function of the distance z (see Fig. 3.7a). Measurements below Tc (green
symbols in Fig. 3.7b) show the expelled field was increased by a factor of around 2.5 with
respect to the field of the bare coil (blue symbols). Above Tc , the shell also increased
the field in all exterior points by a factor of around 2.0, confirming its good behavior
even without superconducting parts. These measurements agreed very well with the
corresponding 3D finite-element simulations performed assuming ideal materials (solid
lines in Fig. 3.7b). Plots of field in the median planes of these numerical calculations
are shown in Fig. 3.7c, d and e considering the coil alone, the concentrator with 18 FM
pieces and 18 SC ones, and the concentrator with only the 18 FM, respectively.
Finally we measured the field concentration at a distance from the source. For this
purpose a second metamaterial shell consisting of only 18 FM pieces (and same radii)
was built. The coil creating the field was placed inside the original shell and the field
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Figure 3.8: (a) Sketch of the experimental setup. (b) Measurement results (symbols) for the two
working conditions; T < Tc (left plot) and T > Tc (right plot). Blue symbols and line correspond
to measurements and simulation of the coil alone, light green (red) symbols and line correspond to
measurements and simulations of the field expelled by the original metamaterial shell (already shown in
the previous figure). Dark green (red) symbols correspond to the field measured inside the second shell
when both shells were present. Numbers indicate the enhancement factor of the measured field with
respect to the field of the bare coil. Dashed lines are guides for the eye.

was measured with the Hall probe inside the second shell. Both shells were separated
a distance of 70mm from center to center (see Fig. 3.8a). Measurements are shown in
Fig. 3.8b, for two cases. When T < Tc (left plot), the shell with the source behaved
rather as a full SC-FM metamaterial and, even though the receiver shell was a FMonly metamaterial, the measured transferred field was increased by an average factor
of around 7.5 with respect to the field of the bare coil. When T > Tc (right plot),
the average factor was still around 6.0. In both cases, plots show that not only the
field was magnified in the inner region of the receiver shell but also its gradient, as we
theoretically predicted in Sec. 3.1 [139].
These experiments constituted a proof-of-principle of the theory of magnetic concentrating shells. The particular values of field concentration, expulsion and concentration
at a distance obtained in these experiments could be clearly improved by considering
longer shells and larger radii ratios. Nevertheless they demonstrated that the ideal
theoretical magnetic concentrating shells emerged from transformation optics could be
turned into real devices using actual commercial materials.
All this work on magnetic concentrating shells has opened a research topic that
has been followed by different groups with different approaches. Other strategies to
concentrate magnetic fields have been investigated based on transformation optics [140,
141, 142, 143, 144]. Our design of magnetic concentrating shells has also been studied
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considering the field created by permanent magnets [145]. Moreover, the concentrating
shell concept and its discretization into radially displaced pieces has been extended to
other research areas to design concentrators for dc currents [146] or thermal energy
harvesting devices [147].

3.5

Increasing the magnetic coupling between circuits by
concentrating shells

The magnetic coupling between circuits is a key factor for most basic electromagnetic
technologies like transformers or power generators. The performance of a transformer
depends, in great measure, on the amount of magnetic field created by the primary
circuit that crosses the secondary. Similarly, the magnetic flux crossing the coils of a
generator determines the output power of the device. A growing number of technologies
to deliver power wirelessly are also based on the magnetic coupling between circuits;
a primary circuit creates a low-frequency time-dependent magnetic field that induces
a voltage to the secondary. A strong magnetic coupling is pursued to maximize the
transferred power and the efficiency.
This magnetic coupling between circuits is rigorously defined in terms of the flux that
crosses one of the circuits, Φ2 , when an intensity I1 circulates through the other circuit.
This determines the mutual inductance between them, M12 , as Φ2 = M12 I1 . The flux
Φ that crosses each circuit as a consequence of an intensity I circulating through itself
defines the self-inductance, L, as Φ = L I.
In this section we discuss how the unique properties of magnetic concentrating shells
to distribute and concentrate magnetic energy in space allow to increase the magnetic
coupling between circuits. This is applied to the the interesting case of wireless power
transmission, experimentally demonstrating that magnetic concentrating shells allow to
enhance the transmitted power and the transfer efficiency [148].

3.5.1

Theoretical development

Consider a circuit placed inside a magnetic concentrating shell. For an interior
source of field, we demonstrated in section 3.2 that the field distribution inside the shell
is not perturbed by the shell itself. Thus, if the circuit carries a certain intensity, the flux
crossing the circuit is the same as if it was in free space, i.e. the circuit self-inductance is
not modified by the shell. This first conclusion is relevant because, in general, magnetic
materials near circuits affect the field distributions and modify their self-inductances. A
clear example is the case of a high-permeability magnetic material inserted into a circuit,
as happens with the ferromagnetic cores of transformers; the flux is hugely increased as
well as the self-inductance of the coils.
Now consider two circuits separated a distance d. Each circuit consists of a couple of

50

Concentration of magnetic fields

wires separated by distances h1 and h2 for the primary and secondary circuits, respectively (see Fig. 3.9a). If each of the wires of the primary circuit carries an intensity I
in opposite directions, the flux crossing the secondary circuit can be analytically calculated (see the Supplementary Material of [148]). The mutual inductance per unit length
between the two circuits is found to be

 2
µ0
4d − (h1 − h2 )2
M12 =
.
(3.22)
ln
4π
4d2 − (h1 + h2 )2
We now consider the case of two equal circuits, h1 = h2 = h, in which the primary
circuit is surrounded by an ideal cylindrical concentrating shell with µρ → ∞, µϕ → 0
and R2 /R1 ≡ α. Applying Eq. (3.20) for the transformed field outside a concentrating
shell, the mutual inductance is found

 2
µ0
4d − h2 (1 − α)2
I
M12 =
.
(3.23)
ln
4π
4d2 − h2 (1 + α)2
By comparing this equation (3.23) with the expression for bare circuits (3.22), we see
the effect of surrounding the circuit with the concentrating shell is to effectively increase
the size of the circuit (distance between wires) from h to αh.
If a second shell with radii ratio R20 /R10 ≡ β surrounds the secondary circuit, Eq.
(3.3) determines the field inside the second shell and the mutual inductance is
 2

µ0
4d − h2 (β − α)2
II
M12 =
ln
.
(3.24)
4π
4d2 − h2 (β + α)2
This expression corresponds to the mutual inductance between two circuits with bigger
sizes αh and βh, and separated by the same distance d. For d  h, the improvement
II /M
on the mutual inductance tends to M12
12 → αβ.
This enhancement of the mutual inductance, combined with the fact that the shells
do not change the self-inductances of the circuits, makes the system with concentrators
magnetically equivalent to the same bare circuits separated by a smaller distance d0 .
This effective distance can be found through Eqs. (3.22) and (3.24) as
s
2
0
4 hd − (β − α)2
d
=
,
(3.25)
h
4αβ
where α and β are the radii ratios of the shells, h is the spacing between the wires (of
the two circuits) and d is the distance between their centers. For the particular case
of two equal concentrating shells α = β = R2 /R1 the effective distance is reduced as
d0 = (R1 /R2 )d.
When circuits are surrounded by concentrators the gap of free space between them
is reduced. The previous discussion on the improvement of the mutual inductance
by concentrating shells can be rewritten as a function of the gap of free space (g)
instead of the distance between the centers of the circuits d (see Fig. 3.9a). Considering
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Figure 3.9: (a) Sketch of the geometry considered. (b) Picture showing the experimental setup to
measure the wireless power transfer. Sketches of the primary and secondary circuits are also included.
Coils are shown in red, the ferromagnetic parts of the shells in gray and the conducting ones in orange.

that the inner diameter of the shells exactly coincides with the size of the circuits (i.e.
2R1 = 2R10 = h), the improvement on the mutual inductance for the same value of gap,
II (g = d − R − R0 )/M (g = d − R − R0 ), is reduced but it is still larger than one.
M12
2
12
1
2
1
Therefore, although the gap of free space between circuits with concentrators is smaller
than for bare circuits, using shells results in an increase of the coupling for the same
value of gap [148].

3.5.2

Experimental demonstration of wireless power transfer enhancement

Motivated by the recent explosion of mobile technologies, nowadays there is a huge
interest to develop and improve strategies to transfer power wirelessly. One of such
strategies that is more extended is based on magnetic induction between two coils; one
of the coils creates a time-dependent magnetic field that induces a voltage to a second
coil, from which the energy is extracted. This approach, already explored by Tesla more
than 100 years ago [149], had a boost some years ago when Soljačić’s team demonstrated
that significant amounts of power could be efficiently transmitted to large distances (8
times the radius of the coils) using self-resonant coils in a strongly coupled regime [135].
The transmitted power and the efficiency of the energy transfer between the coils
crucially depend on the mutual inductance between the circuits [136, 150]. Different
strategies have been proposed to increase this coupling and transmit energy to longer
distances, for example using ”superlenses” to direct the magnetic field. These devices
have been realized using metamaterial slabs that exhibit effective negative permeabilities
at the frequencies of interest [151, 152].
An alternative strategy we suggest to increase the magnetic coupling is using magnetic concentrating shells. In this section we experimentally demonstrate that these
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shells improve the wireless power transfer without significantly modifying the selfinductances of the circuits.
For this purpose we used two metamaterial concentrating shells. One of them
(S1) was the shell we made for the static measurements (see Sect. 3.4.1), with radii
R2 =30mm, R1 =7.5mm and a height of 30mm. Since these new measurements were
performed with time-dependent magnetic fields, the shielding properties provided by the
superconductors in the static case now could be approximately obtained from conducting materials, without using superconducting parts (and thus avoiding the complications
of refrigeration). For this reason 18 rectangular pieces made of copper foil and similar
size substituted the original SC pieces. A second shell (S2) was built following the same
principle, made of 18 FM pieces alternated with 18 conductive ones. The size of this
second shell was R20 =25mm, R10 =5mm and height a of 30mm.
Two coils were built to fit inside the shells. They had an elongated shape, approximating to the translational symmetry considered for the analytical development. The
coil (C1) fitting inside the shell S1 had a length of 48mm and a thickness of 11mm
approximately, and the second coil (C2) fitting inside the shell S2 had the same length
and a thickness of 9mm (see Fig. 3.9b).
Measurements of self-inductances of the coils
The self-inductances of the two coils were measured in isolated conditions and also
placed inside the corresponding shells. The inductance, L, was found by measuring
the resonance frequency (f0 ) of an RLC circuit as the one sketched in Fig. 3.10a. In
resonance, voltage signals at points A and B are in phase because the impedance of the
circuit is purely real and the following relation between the parameters is fulfilled
L=

1
4π 2 Cf02

,

(3.26)

allowing to find the inductance if the capacitor, C, is known. Measurement results are
shown in Fig. 3.10b, for frequencies between 20 and 40KHz. They demonstrate that
the inductance of the first coil C1 was barely modified by the shell S1. Differently,
the self-inductance of second coil C2 was more increased by the corresponding shell,
probably because in this case the coil was more closely to the FM and the conductive
parts forming the shell. A finner discretization of the shell into more pieces could reduce
this effect. Nevertheless, these results show that the shells do not change significantly
the self-inductance of the coil that are surrounding, even considering their finite length
and the discretization.
Wireless power transfer enhancement by concentrating shells
The wireless power transmission between the coils was measured in different situations. The first coil C1 was connected to a primary circuit consisting of a signal
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Figure 3.10: (a) Sketch of the RLC circuit used to measure the self-inductance of the coils. (b)
Measured self-inductances for frequencies between 20 and 40KHz.

generator and a power amplifier, in series with a shunt resistance, Rs = 1Ω. The second
coil C2 was connected in parallel to a capacitor, C = 387.4nF, and a load resistance,
R = 990Ω, forming a resonant secondary circuit (see the sketch in Fig. 3.9b). The total
power delivered to the system, WT , and the power dissipated in the load resistance, WR ,
were calculated through [153]
Va Vb
cos φa→b ,
2Rs
1 VR2
,
WR =
2 R
WT =

(3.27)
(3.28)

being Va (Vb ) the amplitude of the voltage at point a (b), φa→b the phase shift between
the voltages at points a and b, and VR the amplitude of the voltage drop in the load
resistance (see Fig. 3.9b). The final figure-of-merit of the power transfer is the efficiency,
η, defined as [151]
WR
η=
.
(3.29)
WT
Three kind of measurements were performed. First the wireless power transfer between the two bare coils was measured as a function of the distance between them,
d. The frequency of the signal generator was fixed at the resonant frequency of the
secondary circuit f = 31.75KHz. Then, the emitting coil C1 was surrounded by the
shell S1 and measurements were repeated at the same frequency. Finally, the receiving
coil C2 was also surrounded by the shell S2. In this case the resonant frequency of the
secondary circuit was slightly modified to f = 30.17KHz.
The power dissipated in the load resistance and the total power delivered to the
system for the three cases are shown in Fig. 3.11a. Whilst the total power was approximately constant in all measurements, the power dissipated in the load resistance
was clearly increased by the shells. This indicates that the efficiency of the transfer was
also enhanced. In Fig. 3.11b the efficiency [calculated with Eq. (3.29)] is plotted for
the three cases, demonstrating a very significant improvement. Actually, the ratio of
improvement was around 5 when using only one shell and around 35 using the two shells
(bottom panel).
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Figure 3.11: (a) Measurements of the power dissipated in the load resistance, WR , and the total power
delivered to the system, WT , as a function of the distance between coils. (b) The efficiency of the power
transfer is plotted (top), together with the improvement achieved by using one or two concentrating
shells (bottom). Black points are measurements of the two coils alone, red points correspond to use only
the first shell S1 and green points to use the two shells.

These measurements show how magnetic concentrating shells increase the magnetic
coupling between circuits without modifying their self-inductances. Applied to the interesting case of wireless power transfer, shells demonstrate to increase the transmitted
power as well as the efficiency in a very significant way. Since the materials forming the
concentrating shells are cheap and commercial, and work at room temperature, devices
generated from these ideas could be readily applied to different existing technologies.

3.6

Chapter summary and conclusions

Magnetic field concentration is essential in many applications. For example, it is
applied in high precision magnetic sensors to increase their sensitivity or in electromagnetic transformers to concentrate fields in the coils and increase their performance. Our
research presented in this chapter introduces a completely new approach to magnetic
concentration and, for this reason, results are essentially different from that obtained
using traditional strategies of magnetic field shaping.
The design of the magnetic concentrating shell discussed in this chapter is based on
transformation optics. It has been demonstrated that, for fields applied externally to the
shell, the field is concentrated in the interior hole whilst the external field distribution
is not distorted. Reinterpreting the same space transformation, a symmetric behavior
has been shown for interior field sources so that the same shell expels the field towards
the exterior without changing the field inside the hole.
When comparing the field concentration properties of the shell with traditional
strategies using gaps between superconducting or ferromagnetic materials, concentrat-
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ing shells have demonstrated to improve the figures both in terms of field and magnetic
flux enhancement. Combining concentration and expulsion properties, we have also
demonstrated that large values of field can be obtained at points far from the sources
of field.
We have shown that ideal homogeneous and anisotropic concentrating shells can
be accurately discretized into pieces of superconducting and ferromagnetic materials.
Following this strategy some shells have been built and their properties to shape static
magnetic fields have been experimentally validated.
Finally, we have also discussed the properties of magnetic concentrating shells in
terms of magnetic coupling between circuits, for both static and low-frequency electromagnetic fields, showing that they can be used to increase the mutual inductance
between distant circuits without changing the circuits self-inductances. This property
has been applied to the relevant case of wireless power transfer, experimentally demonstrating that shells increase the transferred power and its efficiency by large factors.
In conclusion, concentrating shells developed in this chapter constitute a new tool the
control and shape magnetic fields. Their properties to concentrate and expel fields can be
combined to obtain very different effects and could be useful for numerous applications.
Increasing the sensitivity of magnetic sensors, transmitting fields to distant positions or
improving the wireless power transfer between circuits are only some particular examples
in which shells could provide novel possibilities.

CHAPTER

4

Routing of static magnetic fields

Guiding and transferring magnetic fields is an essential requirement in many devices,
from large scale transformers to nanoscale magnetic logic devices [154, 155]. Unlike
electromagnetic waves that can be routed and transmitted with waveguides or optical
fibers to long distances, static magnetic fields rapidly decay with the distance from their
source. In this section we develop a new design, called a magnetic hose, which allows
to transfer static magnetic fields to arbitrary distances following any desired path. A
feasible design employing actual materials is proposed and experimentally demonstrated
[156].

4.1

The problem

The conventional way to transfer the static magnetic field of a source (e.g. a magnet)
is using a ferromagnetic material with high magnetic permeability, as in the transfer of
field from the primary to the secondary circuits of a transformer [154]. The transferred
field, however, is drastically reduced as the material is lengthened. This is explained by
considering that the ferromagnet yields high values of magnetic induction field not only
in the longitudinal direction of the material but also in the perpendicular one. For this
reason some magnetic field lines inside the ferromagnet exit from the material through
its lateral faces, causing that the field transferred to the end decreases with the length
(see Fig. 4.1a for numerical calculations).
An alternative strategy could consider guiding magnetic field lines through a hollow
superconducting tube. However, the transferred field in this case also decreases exponentially with the length of the tube (see Fig. 4.1a). Intuitively, the amount of field
lines emerged from a source at one end of the tube that go inwards decrease when the
57
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Figure 4.1: (a) Numerical calculations of the field transferred by a cylindrical ferromagnet (in orange,
with µ → ∞) and a superconducting tube (in gray, with µ → 0). Symbols indicate the vertical field on
the axis at z = 2d + L, Bz (z = 2d + L), normalized to the field created by the bare dipole at a vertical
distance z = 2d, BzDIP (z = 2d). (b) Numerical calculation of the field (Bz in colors and field lines in
white) of an isolated point dipole. (c) When a slab of ideal material with µx = µy → 0 and µz → ∞ is
present, the field is vertically shifted.

tube is made long. If the field source (e.g. a point dipole) is introduced inside the tube,
and considering that is infinitely long, it can be analytically demonstrated that the field
not only does not extend to longer distances but decreases more rapidly [156, 157].
Hence, in contrast to time-dependent electromagnetic fields that can be transmitted
and routed to long distances with, for example, optical fibers, a device capable of doing
so with static magnetic fields does not exist.

4.2
4.2.1

Magnetic hose
Homogeneous anisotropic material to transfer magnetic fields

We design our device to transfer magnetic fields by transformation optics. Considering cartesian coordinates, we apply the following space transformation that shifts the
space in the z-direction
z 0 = z,

z ∈ (−∞, z1 ),

(4.1)
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z2 − z1
(z − z1 ) + z1 ,
ξ

z 0 = z + (z2 − z1 − ξ),

z ∈ [z1 , z1 + ξ),

(4.2)

z ∈ [z1 + ξ, ∞),

(4.3)

where z2 and z1 < z2 are constants and ξ is a small parameter. The x and y coordinates
are left untransformed, i.e. x0 = x and y 0 = y. This space transformation shifts the
space above z1 + ξ replacing it above z2 (Fig 4.2b), and linearly expands the region
between z1 and z1 + ξ to keep the transformed space continuous, as sketched in Fig.
4.2c. Notice that in the limit case of ξ → 0 this transformation corresponds to a vertical
shift of the field above z > z1 transferring it to z 0 > z2 .
Applying transformation optics theory we find the required permeabilities for this
control of the field
µ = 1,
µx = µy =

ξ
,
z2 − z1

µz =

z 2 − z1
,
ξ

µ = 1,

z 0 ∈ (−∞, z1 ),

(4.4)

z 0 ∈ [z1 , z2 ),

(4.5)

z 0 ∈ [z2 , ∞).

(4.6)

These results show that an homogeneous anisotropic material is required only in the
space between z = z1 and z = z2 . In the limit case of ξ → 0, a very large permeability is
needed in the transfer direction and a zero permeability is required in the perpendicular
one (µx = µy → 0 and µz → ∞). In this case, applying tranformation optics expresions
[Eq. (1.28)], the field can be found in all regions of space. In particular, the field in the
shifted space z 0 > z2 is

H0 (x0 , y 0 , z 0 ) = H x0 , y 0 , z 0 − (z2 − z1 ) ,

(4.7)

where H (x, y, z) is the original field distribution expressed in the cartesian basis. This
demonstrates that the field is completely shifted a distance z2 − z1 . Since z1 and z2
are arbitrary parameters, the field can be transferred to arbitrary distances (see the
numerical calculation for the field of a point dipole in Fig. 4.1b and c).

a
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c

z
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z1+ξ

z1

Figure 4.2: Sketch of the space transformations applied to design a material to transfer magnetic
fields.
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It is worth to notice that for µx = µy → 0 and µz → ∞ the magnetic energy
density inside the shell is zero because fields are H0 = Hx (x0 , y 0 , z1 )x̂ + Hy (x0 , y 0 , z1 )ŷ
and B0 = µ0 Hz (x0 , y 0 , z1 )ẑ, yielding w = B · H/2 = 0. Since the field distribution below
the shell is not changed by the material (because the space is not transformed) this
indicates the energy distribution is also totally shifted a distance z2 − z1 .
This ideal material obtained from transformation optics meets the goal of transferring
the field to any distance but is not a feasible solution, because requires an infinitely wide
slab of material and also because the required anisotropic permeability is not directly
found in natural magnetic materials. We address these two limitations separately.

4.2.2

Magnetic hose to transfer magnetic fields

In order to attain a feasible design, we first study the field transfer properties of a
finite piece of material. We consider the case of a point dipole at a distance d below
a cylindrical piece of material with µρ → 0 and µz → ∞ (see inset in Fig. 4.3a).
We numerically calculate the field transferred to the opposite end of the material as
a function of the radius R of the material and for different lengths L. Results in Fig.
4.3a show that the vertical field Bz at a distance d above the top end of the material
decreases only slightly when the material length increases and rapidly saturates to a
certain value that depends on R. It can be demonstrated that this saturated value is
not zero; hence, a part of the magnetic field is always transferred through the hose to
arbitrary distances [156]. For R = 4d and lengths up to L = 10d the transferred field is
very close to that transferred by an ideal infinite slab. This property is approximately
maintained even for radii as small as R ' 2d.
To circumvent the second limitation regarding the required homogeneous anisotropic
permeabilities, we follow a discretization strategy similar to that applied for the magnetic concentrating shells (Sec. 3.4). Considering axial symmetry, the large vertical
and zero horizontal permeability components can be effectively obtained by alternating cylindrical shells made of ideal superconducting and soft ferromagnetic materials.
Ferromagnetic parts provide a large axial permeability and the alternated superconductors prevent radial components of B field1 . The transfer properties of these discretized
designs, hereafter named magnetic hoses, are demonstrated through numerical calculations. Results of the transferred field as a function of the number of shells, n, are shown
in Fig. 4.3b. The field of the dipole, located at one end of the hose, that is transferred
to the opposite end tends to the ideal behavior with increasing n. More than 90% of
the transfer can be achieved with n =20. Remarkably, even with only two shells, the
transfer can be as high as 75%. In this bilayer scheme the SC has to be the outer layer,
surrounding the FM, in order to prevent that field lines inside the FM core leak outside
through the lateral surface.
1

These superconducting shells should contain a non-superconducting slit along their length to avoid
undesired effects appearing in superconducting materials with holey topologies.
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Figure 4.3: (a) On-axis vertical field at a distance d above a cylindrical piece of ideal material with
µρ → 0 and µz → ∞, when a vertical dipole is placed at a distance d below it, as a function of the
radius R (see inset). Calculation results (in symbols) are shown for different lengths of the material. (b)
Assuming the same configuration, transferred field results for hoses discretized into different number of
shells, n. FM (in orange, with µ → ∞) and SC (in gray, with µ → 0) shells have all the same thickness.
The field transferred by an ideal hose with the same geometry is indicated. The total radius of the hoses
is R = 2d and their length L = 4d. All results are normalized to the on-axis vertical field created by an
isolated dipole at a vertical distance z = 2d, BzDIP (z = 2d).

In view of its excellent performance, we focus on the properties of this bilayer FM+SC
hose. In this case, the field transfer properties strongly depend on its sizes r and w (see
inset in Fig. 4.3b). Numerical calculations of this system applying the field of a vertical
point dipole at one end of the hose demonstrate that the transferred field at the opposite
end is maximum for r ' 0.6d and w ' 1.4d [156]. Intuitively, a small FM core prevents
that all field lines of the dipole go into the material. Conversely, if the FM is too large,
field lines turn around in its interior reducing the transferred field. The thickness of the
SC is also relevant, tending to concentrate field lines towards the FM core.
This FM+SC bilayer hose can be extended to other topologies considering, for example, more than two ends. In Fig. 4.4 we show numerical calculations of hoses with different shapes and different number of ends. Numbers indicate the numerical average field
that goes out of each end B̄z ≡ hBz iS /BzDIP (z = d) [where BzDIP (z = d) = µ0 m/(2πd3 )].
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Figure 4.4: Plots of field in the median plane of different 3D numerical calculations. Point dipoles are
shown in white, FM parts are represented in orange (µ → ∞ and r = d/2) and SC ones in gray (µ → 0
and w = 3d/4). The vertical field component, Bz , is shown in colors and numbers indicate the average
field that goes out of each end normalized to the maximum field of an isolated dipole at distance d;
B̄z ≡ hBz iS /BzDIP (z = d).

Interestingly, the solution of closed hoses as that of Figs. 4.4a and d can be analytically
found by solving the Laplace equation with the appropriate boundary conditions. Imposing that the normal component of the B field is 0 at the interior face of the SC, the
scalar magnetic potential is constant within the ideal soft FM, and forcing continuity of
the potential along the whole closed hose, it can be demonstrated that the field in the
gap of empty space inside a single-branch closed hose is uniform with a modulus
Bz =

µ0 m
,
2πr2 (hs + ha )

(4.8)

where m is the magnetic moment of the dipole, 2hs is height of the region where the
dipole is, 2ha is the height of the empty gap and r is the radius of the FM core (see the
Supplemental Material of [156]). Applied to the case of Fig. 4.4a, with hs = ha = d and
r = d/2, we find that B̄z = 2, in perfect agreement with the numerical calculation.
In the case of Fig. 4.4d, the scalar magnetostatic potential is constant within the top
and bottom ferromagnetic pieces. For this reason the difference of magnetic potential
between the top and bottom ferromagnets in the two empty gaps is the same. This
situation is analogous to the electrostatic potential in parallel electric circuits, so an
effective gap equivalent to the two parallel gaps can be calculated through the parallel
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association formula
heff
a


=

1
1
+
ha,1 ha,2

−1
.

(4.9)

Considering ha,1 = ha,2 = d, this yields an smaller effective gap heff
a = d/2. Applying
Eq. (4.8) and taking into account the field is equally divided into the two gaps, we find
B̄z = 4/3 in each one, in agreement with the calculations.
These analytical results for closed hoses allow to understand results for open geometries. In Figs. 4.4b and e the equivalent open geometries show that the average field is
reduced respect to the closed cases but follow the same trend. The more ends the hose
has, the less average field exits each one. When one of the ends is closed, we recover
similar results to that for a single-ended hose (see Figs. 4.4g, h and b). Notice that
using the FM cores alone yields tiny field transfer results, and they are reduced with
the length.
Beyond this simplest design of a bilayer FM+SC hose, other proposals consisting of
a larger number of layers can provide useful properties in some situations. For example,
the shape of the field transferred by a bilayer FM+SC hose does not maintain the same
spatial distribution as the field that goes into the opposite end. Hoses discretized into
a larger number of layers, approaching to the anisotropic ideal design, cause much less
distortion on the applied field distribution, and they keep it to the opposite end. These
designs consisting of many shells have also demonstrated good transfer results even
when superconductors are removed. Several thin ideal FM cylinders separated by air
gaps transfer the field to longer distances than equivalent bulk cylinders made of the
same ideal FM material. These results open the way to design hoses that work at room
temperature and overcome existing strategies to transfer static magnetic fields.

4.2.3

Experimental realization

We built two bilayer FM+SC hoses to demonstrate their field transfer properties.
One of them had a length of 60mm and the other of 140mm. The FM core of the short
one was made of a commercial soft iron and had a radius of 8mm and a length of 60mm
(Fig. 4.5a). The SC shell for this hose was made of 17 pieces of superconducting coated
conductor, 4mm wide (SuperPower SCS4050). Pieces were parallel arranged with an
overlap of 0.5mm, and were all glued on adhesive tape. The resulting SC shell had
a rectangular shape of 54x60mm (see Fig. 4.5b). The FM core of the long hose was
a Co-Fe alloy (VACOFLUX-17 from Vacuumschmelze) with a radius of 9mm and a
length of 140mm (Fig. 4.5d). The corresponding SC shell was made of 14 pieces of
a superconducting coated conductor, 12mm wide (SuperPower SF12050). They were
parallel placed with an overlap of 2mm and glued on adhesive tape. Another 13 pieces
of a narrower strip (SuperPower SF12050) were fixed on the overlapping lines to avoid
field leakage. The resulting rectangular shell had a size of 61x140mm (see Fig. 4.5e).
Three different measurements were performed. First, the field transferred by the FM
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Figure 4.5: Pictures of the FM cores for the short (a) and long (d) hoses, and pictures of the
corresponding SC shells (b) and (e) , respectively. (c) Sketch of the experimental setup. (f ) Measurement
results (in symbols) together with numerical calculations of the field transferred by an ideal soft FM
(green line) and the field of the bare coil (purple line).

cores alone was measured at room temperature. Then we measured the field transferred
by the SC shells only. For this purpose they were wrapped around plastic formers
with the same sizes as the corresponding FMs. Measurements were performed at liquid
nitrogen temperature. Finally, SCs were wrapped around the FMs and the field transfer
was measured at liquid nitrogen temperature. The field applied at one end of the
different devices was created by feeding a coil with a constant current. Devices were
placed at a distance d = 5mm from the coil and the field was measured by a Hall probe
also at a distance d = 5mm from the opposite end (see sketch of the setup in Fig. 4.5c).
Results of these measurements are shown in symbols in Fig. 4.5f, together with
calculations of the field created by the bare coil (purple line) and that transferred by an
ideal FM cylinder (green line). Measurements show the field transferred along the hose
is much larger than that transferred by the FM or the SC alone. As indicated in the
figure, for the short hose, the field is enhanced a factor 2 with respect to the FM case.
For the long one this factor rises, as predicted by the theory, improving the transfer of
the FM by 4 times.
In spite of these good results, measured transferred fields are less than that obtained
by numerical calculations using the same experimental dimensions and assuming ideal
SC and soft FM materials. If we normalize these measurements to the field created
by the coil alone at a distance 2d =10mm we find the values in Table 4.1 (”measured”
columns). Comparing them with the corresponding numerical calculations (”calculated”
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Table 4.1: Measured and calculated transferred field ratios. Numerical calculations assumed the
dimensions of the experiments and ideal materials (µFM → ∞ and µSC → 0).

short length (60mm)
B SC /B coil (z = 2d)
B FM /B coil (z = 2d)
B hose /B coil (z = 2d)

long length (140mm)

measured ±0.2%

calculated

measured ±0.2%

calculated

1.5%
12.1%
24.3%

9%
11%
50%

0.2%
5.5%
21.4%

4%
5%
43%

columns) we see the field transferred by the hose is less than calculated. Differently, measurements for only the FM agree with the corresponding calculations, indicating that
the discrepancy in the field transfer is due to the non-perfect behavior of the SC parts,
probably due to the field leaking between the SC strips forming the shell. This effect
could be reduced by adding more SC shells and improving the sealing between the SC
pieces. Nevertheless, even with these imperfections in such proof-of-principle experiments, the measured transferred field ratio of the hose with respect to the FM increases
from 2 to 4 between the short and long studied lengths, validating the theoretical ideas
of magnetic field routing presented in this chapter.
The magnetic hoses presented in this chapter are studied in static conditions, with
infinite associated wavelength. This allows to scale them up or down arbitrarily. In
particular, one could conceive a nanometric hose, which might be useful to increase the
magnetic coupling between nanomagnets in magnetic logic schemes [155, 158, 159, 160].
A magnetic nanohose could also be used as a new tool to harness quantum systems, as
required in quantum information processing [161], for example. In particular, such a
device could be used to address, control, and manipulate the internal state of individual
quantum systems, even if they were separated by large distances where optical methods
are no longer available. Beyond the transfer of classical magnetic fields, one could also
envision a system similar to the one considered in this chapter to magnetically couple
distant quantum systems, allowing to separate them by relatively long distances and still
strongly interact with each other [162]. The characterization of such a system, however,
would require a full quantum treatment of the device.

4.3

Chapter summary and conclusions

Differently from electromagnetic waves that naturally propagate in space, static magnetic fields rapidly decay from their sources. This well-known limitation has important
consequences in different magnetic technologies and, for this reason, magnetic fields are
usually created near the points where they are required.
A novel strategy to transmit them to large distances has been developed in this chapter. The problem has been first addressed with transformation optics, finding an ideal
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but unfeasible solution. Based on numerical calculations, we have demonstrated that a
finite cylindrical piece of material with large permeability in the axial direction and zero
permeability in the perpendicular one allows to transfer fields to arbitrary distances. A
discretization procedure similar to that applied for the magnetic concentrating shells has
demonstrated that such magnetic hoses can be built alternating cylindrical superconducting and ferromagnetic shells. The field transfer performance depends on the total
number of shells, but we have demonstrated that a single ferromagnetic core surrounded
by a superconducting shell achieves significant results. Analytical solutions have been
found for this simple bilayer, validating the numerical results. Different variations of
the hose have been also considered, showing that a hose with various branches and ends
would allow the field transfer between different points.
Following this simplified bilayer design, we have built actual magnetic hoses using
commercial soft ferromagnets and superconducting coated conductors. Their field transfer properties have been measured, demonstrating a clear improvement with respect to
the cases of the ferromagnetic cores or the superconducting shells separately.
The magnetic hoses developed in this chapter, thus, play a role analogous to that of
optical fibers for light, allowing the propagation of magnetic fields to long distances. As
a consequence, the weak interaction of two distant magnetic systems can be significantly
magnified by using magnetic hoses, allowing their fields to interact as if they were close
together. Different applications could be envisaged, such as increasing the coupling
between nanomagnets in magnetic logic schemes or addressing and controlling internal
states of individual quantum systems.

CHAPTER

5

Changing the topology of space: a magnetic wormhole

The versatility offered by transformation optics theory to control the electromagnetic
propagation has been applied to very different problems. As we introduced in section
1.3, the theory shows a correspondence between space transformations and electromagnetic materials; from an electromagnetic point of view, a curved space is equivalent to
a non-curved regular space full of a particular transformation media. This analogy was
exploited by Leonhardt and Philbin, who devised the use of electromagnetic metamaterials to mimic celestial mechanics [43]. Since then, different proposals emulating celestial
objects like electromagnetic black holes [44, 45, 46, 47, 163] or wormholes [48, 164] have
been studied.
In this section we present the theory and the experimental realization of a wormhole
for static magnetic fields. Inspired by the theoretical proposal of Greenleaf et al. on
electromagnetic wormholes [48], the device allows the transfer of magnetic fields between
two points in space through a path that is magnetically undetectable [165].

5.1

The concept

The concept of an electromagnetic wormhole was presented by Greenleaf et al. [48].
In their work they designed a device that acted as an invisible tunnel, allowing electromagnetic wave propagation between its two ends whilst the tunnel itself was not
detectable to lateral electromagnetic observations. This device would act as a wormhole
with respect to Maxwell equations, effectively changing the topology of the space, since
it would make electromagnetic waves propagate as if the R3 space had a handlebody
attached to it [48].
The electromagnetic wormhole was designed applying different space transforma67
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tions, which resulted in extremely cumbersome permeability and permittivity distributions required in its whole volume. The difficulty in obtaining such fine-tuned positiondependent material parameters has prevented the electromagnetic wormhole from being
experimentally realized.
The concept of an electromagnetic wormhole can be also considered in the static
magnetic case. Such device would be able to transfer static magnetic fields between distant regions of space while the region of propagation remains magnetically undetectable.
At points near its ends, the device would surely distort the existing background field
due to the field that enters and exits them. However, along the rest of its path, the
device would be undetectable to lateral magnetic measurements [48].
To design such wormhole for static magnetic fields one could follow a strategy similar
to that of [48], considering analogous space transformations and obtaining similar permeability distributions, but the required values would be very complicated to achieve in
practice. Differently, here we design a magnetic wormhole not based on transformation
optics. We take advantage of the possibilities that magnetic metamaterials offer for
shaping static magnetic fields to obtain the desired effect [165].

5.2

A wormhole for the static magnetic case

The magnetostatic wormhole requires constructing a tunnel for magnetic fields acting as if it was outside the usual 3D space. The first property to be satisfied is to
magnetically decouple a given volume from the surrounding 3D space. The volume enclosed by an ideal superconducting shell has this property [106], because the external
field does not penetrate inside the shell and the field of internal sources does not leak to
the exterior. Here we consider a spherical superconducting shell. A second property is
that the whole resulting wormhole cannot be magnetically detectable from its exterior.
The superconducting spherical shell would distort an applied field and, thus, would be
detectable. To address this problem, we consider the results of section 2.2, where we
studied the properties of bilayer systems composed of superconducting and ferromagnetic shells to cloak externally applied fields. We demonstrated that the distortion of
the SC and the FM parts can be compensated yielding an exact cloaking behavior for
uniform fields. In particular, for the spherical bilayer case, we found that the relative
permeability of the outer ferromagnetic shell, µ2 , for which there is no distortion is
µ2 =

2R23 + R13
,
2(R23 − R13 )

(5.1)

where R2 is the exterior radius of the FM shell and R1 is the interior radius of the FM,
also corresponding to the exterior radius of the SC shell.
Equation (5.1) was found assuming a uniform external applied field and here we are
interested in an arbitrary applied field. To study the behavior of these bilayer cloaks
for non-uniform fields we consider the case of a vertical point dipole aligned with the
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center of the spherical bilayer at a certain distance d (see Fig. 5.1b for a sketch of the
geometry). The analytical solution to this problem can be found following an analogous
procedure to that for the uniform applied field. A scalar magnetic potential, φ, is
defined as H = −∇φ, and it is forced to fulfill the Laplace equation in all regions of
space. Imposing that the potential at the origin (center of the bilayer shell) is finite,
that it tends to the potential created by the bare dipole at infinite, and setting the
magnetostatic boundary conditions at the interfaces, the solution of the potential can
be found in all regions of space as a summation of infinite terms. In particular, the
potential outside the shell is
∞
X
Dn
φ(r, θ, ϕ) = φdip +
Pn (cos θ),
rn+1

r > R2

(5.2)

n=1

where φdip is the potential created by the bare dipole, Pn () are the Legendre polynomials
of integer order n and r, θ, ϕ are the usual spherical coordinates. Dn are known constants
that depend on the geometrical parameters and the permeability of the shells. For the
case of a superconducting interior shell with relative permeability µ1 = 0, it can be
found a permeability for the outer FM layer, µ2 , for which Dn = 0. This permeability
depends on the particular n and is [165]
µ2 =

(2n + 1)
+ 1,
(n + 1) (β 2n+1 − 1)

(5.3)

where β ≡ R2 /R1 . This indicates that the different terms of the distortion can be
individually canceled by choosing the appropriate permeability of the FM shell, but
they cannot be canceled all simultaneously. Interestingly, the permeability for which
the dipolar term (n=1) is canceled is that given by Eq. (5.1). Therefore, a spherical
bilayer with a permeability fulfilling this equation exactly cloaks a uniform applied
field and, for the field of a point dipole, it also cancels the most important term (the
dipolar term) of its magnetic response. It can be demonstrated (see the Supplementary
Information of [165]) that the rest of terms of the distortion are reduced by making R2
tend to R1 . This means that a very thin ferromagnetic layer with permeability µ2 given
by Eq. (5.1) surrounding an ideal superconducting shell effectively cancels the global
magnetic response.
The spherical bilayer made of an internal SC shell surrounded by a thin FM shell
with permeability µ2 decouples the interior and exterior spaces, and is magnetically
undetectable from the exterior. Hence, the overall effect is changing the topology of
space [48], as if the interior region had been (magnetically) removed out of the existing
3D space.
A final requirement for the wormhole is that magnetic fields have to propagate
through its interior. The transfer of static magnetic fields was addressed in chapter
4, where we developed magnetic hoses that allow to transfer magnetic fields to long
distances through any path. We will use one of such hoses to transfer the field between
the two ends of the wormhole.
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Figure 5.1: (a) 3D image of the magnetic wormhole, composed of a cylindrical hose (blue) surrounded
by a spherical SC shell (yellow) and FM shell (gray). Half of the device is shown translucent to clarify
the different parts. The field of a cylindrical magnet is sketched in red lines, showing how it is transferred
through the wormhole. (b) Sketch of the geometry considered for the analytical derivation.

The design of the magnetostatic wormhole is, thus, being outlined. A cylindrical
magnetic hose will be the core of the device. A spherical SC-FM bilayer with a thin
exterior FM shell will cover the hose except in its two ends, where the bilayer cloak
will have two openings to allow fields to enter and exit the wormhole (see Fig. 5.1a).
These openings in the bilayer will affect its cloaking properties and will cause some
field distortion. However, if openings are small compared to the size of the sphere, the
distortion will be significant only at points very near to the ends, where distortion of
the applied field is already expected because of the own ends.

5.2.1

Feasible design of a magnetic wormhole

The magnetic wormhole design requires a further development to be successfully
realizable with existing materials. First, the interior hose has to be discretized following one of the strategies proposed in section 4.2.2. We consider here a set of several
concentric thin FM cylinders separated by air gaps.
Regarding the exterior thin FM shell of the bilayer, it should be ideally made of
a material with homogeneous permeability given by Eq. (5.1). However, materials
with constant fine-tuned intermediate relative permeability values (e.g. between 5 and
20) are hard to find. For this reason we design an external metasurface consisting of
several pieces of thin high-permeability FM foil. The size and distribution of the pieces
is determined following an optimization process based on 3D-numerical simulations of
the whole device. For this purpose we consider the inner ideal SC shell with µ → 0
surrounded by different arrangements of thin ideal soft FM pieces with µ → ∞. The
design of the metasurface is tuned to minimize the distortion of an external uniform field
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Figure 5.2: (a) 3D calculation of the vertical field, Bz , considering an inner spherical ideal superconducting shell (µ → 0) surrounded by the metasurface composed of thin ideal soft FM pieces (µ → ∞)
distributed as shown in b. (c) Results of the 3D calculation of the complete wormhole. A cylindrical hose composed of several ideal FM pieces is introduced inside the spherical bilayer and the field is
calculated along the horizontal dotted line indicated in the inset sketch. Red, green and blue lines are
calculations considering only the FM metasurface, only the interior SC shell and the complete wormhole,
respectively, for a uniform field Ba applied in the z-direction. Purple line corresponds to the case of the
complete wormhole when the field of a small coil (in red in the inset) is also applied at one of its ends.

applied in the direction perpendicular to the internal hose. The final design is shown in
Fig. 5.2b, together with the corresponding 3D simulation for a uniform field applied in
the z-direction (Fig. 5.2a). Calculation shows a null overall magnetic signature, except
for some small distortions appearing between the plates of the surface.
The final wormhole design is validated by a numerical calculation of the complete
device. The considered hose has a length-to-radius ratio of l/r = 14.3 and is made
of several cylindrical ideal FM shells (µ → ∞). An spherical ideal SC shell (µ → 0)
with two transversal openings for the hose is surrounded by the metasurface of thin
ideal FM pieces (µ → ∞). The exterior radius of the wormhole is R = l/2. A uniform
field is applied in the z-direction (see inset in Fig. 5.2c) and the z-field component
is calculated along a horizontal line at a distance r from the surface of the wormhole
(dotted line in the inset). The cases with only the interior SC and only the exterior FM
metasurface are also calculated for comparison. Calculation of the complete device is
repeated adding the field of a small coil oriented in the x-direction placed near one of
its ends (in red in the inset). Results are shown in Fig. 5.2c. They demonstrate that
the magnetic signature of the complete device (blue line) is negligible compared to the
distortion caused by its parts separately (red and green for the isolated FM and SC,
respectively). When the field of the small coil is also present (purple line), the distortion
slightly increases. The total Bz field is decreased at positions near the coil (negative x)
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whilst it slightly increases at positions close to the other end (positive x). These effects
are explained by taking into account that the field lines that are transferred through
the wormhole return from the opposite end to the coil. This field increases the total Bz
field near the wormhole’s end and decreases it near the coil.

5.2.2

Experimental realization

An actual magnetic wormhole based on the presented design was built (Fig. 5.3).
The magnetic hose at the core of the wormhole was made of a mu-metal foil 0.2mm
thick, folded into a spiral. The different turns were separated by a cardboard sheet.
The final hose had a length of 87mm, an exterior diameter of 12mm and had 8 turns
of ferromagnetic foil (see Fig. 5.3d). The spherical superconducting shell was made
of several pieces of type-II SC coated conductor 12mm width (SuperPower SF12050)
wrapped around a plastic former (shown in green in Fig. 5.3e). In total, 32 pieces
of different lengths were used, and they were fixed using small welding points between
the strips and also adhesive tape (see their placement in Fig. 5.3c). The external
metasurface (Fig. 5.3b) was made of several pieces of mu-metal foil 0.2mm thick. A
plastic support with the appropriate shape was specially designed and 3D-printed in
PLA thermoplastic (shown in red in Fig. 5.3e), containing the lodgings for each of the
pieces. In total, 155 pieces with 6 different shapes were used, and they were placed at a
radial distance of 43mm to the center of the sphere.
The experimental setup to demonstrate the wormhole properties (see Fig. 5.4a)

a

b

c

d

e

Figure 5.3: (a) 3D image of the complete wormhole, formed by the external metasurface made of soft
FM pieces (b), the internal SC shell made of SC coated conductor (c), and the magnetic hose made of
FM foil folded into a spiral (d). (e) Cross-section view of the wormhole, including the plastic formers
(in green and red) used to support the SC strips and the FM pieces.
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Figure 5.4: (a) 3D image of the experimental setup. (b) Detailed description of the central plane,
including the lines at which probes T (red) and C (green) measured the transferred and cloaked (or
distorted) fields, respectively. The uniform applied field was created by the two Helmholtz coils. (c)
The z-component of magnetic field, BzC , was measured by probe C as a function of x and for different
distances, z, to the wormhole. (d) Measurements at z = 5 are shown in detail. Red lines are for only
the ferromagnetic layer, green for only the superconducting one and blue for the complete device with
only the field of the Helmholtz coils. Purple line corresponds to the same measurement of the complete
wormhole when the field of the small coil was also applied. Black line represent the measured applied
field.

used two Helmholtz coils of radius 150mm, which created a uniform field in the central
zone. The wormhole was placed centered between them, oriented with its two ends
perpendicular to the applied field. A small coil at one end of the wormhole was fed with
a dc current to supply the field to be transferred through it. Two Hall probes were used
for the measurements. Probe T, placed at the opposite exit of the wormhole, measured
the transferred magnetic field. Probe C scanned the magnetic field in lines close to the
surface of the wormhole (see green lines in Fig. 5.4b), measuring the distortion of the
applied field.
Three types of measurements were performed by probe C: (i) only the superconducting layer, without the ferromagnetic outer layer (submerging the superconductor into
liquid nitrogen); (ii) only the ferromagnetic layer (measuring the whole device at room
temperature, with the superconductor deactivated); and (iii) the complete wormhole, at
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Figure 5.5: Analogous measurements of field distortion for a non-uniform applied field, created by
exciting only one of the coils (a). Results are shown in b. Red lines are for only the ferromagnetic
layer, green for only the superconducting one and blue for the complete device with only the field of the
Helmholtz coil. Purple line corresponds to the same measurement when the field of the small coil was
also applied. Black line represent the measured applied field.

liquid nitrogen temperature.
Measurement results are shown in Fig. 5.4c and d for a uniform applied field. Although measured simultaneously, we discuss the transmission and field-distortion results
separately for clarity. Results of the field distortion for the three cases (i)-(iii) at a distance of 5mm are shown in Fig. 5.4d. The complete wormhole (blue line) demonstrated
an excellent cloaking behavior, whereas the superconducting and ferromagnetic parts
separately yielded clear field distortions. When the small coil was also activated (purple
line) the cloaking properties of the wormhole were not significantly affected; the total
Bz field near the coil (negative x) slightly decreased and at the opposite end (positive
x) it increased. This effect was already found in the calculations, and can be explained
by the field transferred through the wormhole. Scans performed at different distances
showed very little distortion (see Fig. 5.4c), and only at a close distance the effect of
the non-uniform ferromagnetic metasurface could be discerned.
We also measured the effect of applying a non-uniform field, created by feeding
current in only one of the Helmholtz coils (Fig. 5.5). Even in this case, a very good
cancellation of the field distortion was achieved for the full wormhole and not for its
components separately. When the small coil was also activated, the distortion increased
respect to the case of a uniform applied field. This can be understood considering that
the field applied by the single Helmholtz coil was weaker than that created by the two
coils. Since the field of the small coil was the same, the relative distortion on the applied
field increased.
During the experiments we also measured the field transferred through the wormhole.
First, the uniform external field of the Helmholtz coils was applied and then the small
coil at the end of the wormhole was fed with a constant current. In these conditions, the
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Figure 5.6: Measurements of the horizontal component of magnetic field, BxT , measured by probe T
as a function of distance to the end, d, in (a) linear, and (b) double-logarithmic scales. Field shows a
dependence with the distance roughly as ∼ 1/d1.5 , very different from a dipolar dependence ∼ 1/d3 .

horizontal component of the field transferred to the opposite end, BxT , was measured as
a function of the distance to the end, d. Results are shown in Fig. 5.6, demonstrating a
clear field transfer that decreased with the distance to the end. Interestingly, the dipolarlike magnetic field created by the coil at one end of the wormhole was transformed at
the opposite end into a monopolar-like field. Actually, the spacial dependence of the
exiting field tended to ∼ 1/d1.5 , since close to the opening the field resembled that of a
disk of monopoles (that decreases even smoother with the distance) rather than a single
one (∼ 1/d2 ). This measured monopolar field, already discussed in the original proposal
of Greenleaf et al. [48], could represent an alternative to those obtained by exotic spin
ices [166] and other systems [167]. Our magnetic wormhole, thus, created the illusion of
a magnetic field coming out of nowhere by effectively changing the magnetic topology
of space.
Finally, although we constructed a spherical wormhole, similar results could be obtained for the shape of an elongated ellipsoid that could extend to long distances in
one direction. These ideas may be applied in devices requiring the local application of
magnetic fields in a particular magnetic background that should not be distorted. One
particularly relevant application along this line could be in magnetic resonance imaging.
Using these ideas, one could foresee ways to apply a magnetic field locally to a patient,
without distorting the background magnetic field in the region [48, 168]. They could be
useful, for example, in medical operations using simultaneous MRI imaging [48].
Moreover, although our results were experimentally confirmed only for static magnetic fields, both involved ferromagnetic and superconducting materials showed to maintain their properties for low-frequency electromagnetic waves (see the results in sections
2.3 and 3.5). Therefore, a similar wormhole design could also be effective for lowfrequency electromagnetic fields.
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Chapter summary and conclusions

The link between space transformations and electromagnetic materials provided by
transformation optics has made possible to build electromagnetic devices that mimic
celestial objects. One of the most striking theoretical proposals consisted in an electromagnetic wormhole, which would transmit electromagnetic waves between two points
in space without being electromagnetically detectable. From an electromagnetic point
of view, such device would change the topology of the space. In this chapter we have
extended the concept to the static magnetic case, developing and experimentally demonstrating a magnetic wormhole.
Although inspired by transformation optics, our design of a magnetic wormhole has
not been based on space transformations but on the properties to shape magnetic fields
that magnetic materials offer. Our initial design consisted of a magnetic hose surrounded
by a 3D spherical magnetic cloak. A more feasible design has been developed, discretizing the hose into several ferromagnetic shells and the external ferromagnetic layer into a
particular metasurface. After validating the design using full-3D numerical calculations,
we have built an actual magnetic wormhole. We have experimentally demonstrated that
a field can be transferred between its ends whilst the whole device is magnetically undetectable. Moreover, when a dipolar field is applied to one of its ends, a monopolar-like
field appears at the other end, creating the illusion of a field coming out of nowhere.
These experiments have demonstrated the significant possibilities offered by magnetic
materials to shape magnetic fields. The global effect of the wormhole is changing the
magnetic topology of the space, as if the region of propagation between its two ends
is removed out of the 3D magnetic space. Interestingly, such structure could also have
significant applications. It could allow, for example, the application of a local magnetic
field in a region with an existing background field without disturbing it.

CHAPTER

6

Conclusions

In this thesis we have introduced different new ways to shape and control magnetic
fields. In addition to addressing different particular problems, like magnetic cloaking,
concentration or magnetic field transfer, this research has resulted in a whole new ”toolbox” to shape static magnetic fields in a general way. The theoretical design of these
tools has combined transformation optics theory with solutions directly arising from
Maxwell equations. Interestingly, final designs have been realized simply with combinations of ferromagnetic and superconducting materials. The complementary properties
of these two kinds of materials have allowed the realization of devices that achieve very
different effects.
First we have studied the cloaking of magnetic fields, presenting a theoretical design
based on transformation optics (antimagnet) and a simpler bilayer scheme consisting of
a superconducting shell surrounded by a ferromagnetic one. This bilayer cloak has been
experimentally tested for both static and low-frequency magnetic fields.
Then, we have addressed the concentration of magnetic fields and have designed,
by transformation optics, a magnetic concentrating shell. We have demonstrated its
properties to concentrate external applied fields and also to expel the field of internal
sources. A feasible design made of superconducting and ferromagnetic pieces has been
studied and experimentally realized, demonstrating its ability to shape magnetic fields
in the static case and also for low-frequency electromagnetic waves.
The transfer of static magnetic fields has also been studied, initially finding an
ideal but unfeasible solution by transformation optics. After a further development,
we have shown that a cylindrical ferromagnetic core surrounded by a superconducting
shell (forming a magnetic hose) can transfer magnetic fields to long distances. The
experimental demonstration of this property has also been conducted.
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Conclusions

Finally, we have designed a magnetic wormhole, a device that allows to transfer
magnetic fields between two points in space without being magnetically detectable.
Although inspired by a proposal based on transformation optics, our design has relied
on the properties of magnetic metamaterials to shape magnetic fields instead. An actual
magnetic wormhole has been built using superconductors and ferromagnetic materials,
and their features have been experimentally confirmed.
It is worth to remark that all the experimental realizations presented in this work
have been performed as proof-of-principle experiments to demonstrate the theoretical
ideas we have introduced. Further developments of these ideas could turn them into
practical devices that could be applied in actual technologies.
The results of this thesis may also reveal the importance that the research in magnetostatic metamaterials can have in the near future. Transformation optics and metamaterials have provided unprecedented phenomena in many regions of the electromagnetic
spectrum. However, the static magnetic case has been traditionally seen as a simpler
limit that deserves much less interest. The results of this work indicate, on the contrary,
that static magnetic conditions constitute an ideal case to apply transformation optics
and metamaterial concepts. There are several reasons for this.
First, in the static magnetic case one can find alternative and much simpler solutions to control and manipulate fields than those for electromagnetic waves. We have
demonstrated, for example, that magnetic fields can be cloaked with simply two homogeneous and isotropic layers, in contrast to electromagnetic cloaks that require cumbersome inhomogeneous and anisotropic material parameters. The magnetic concentrating
shell, realizable using pieces of two commercial materials, is another good example; an
analogous concentrator for electromagnetic fields would require complicated fine-tuned
permeability and permittivity distributions, also in the interior space of the concentrator.
Another important advantage of the magnetic case is that natural materials exist
with a wide range of magnetic permeabilities, including extreme values like µ = 0 and
µ = ∞. Superconducting materials play a key role in this point, because they provide
a magnetic shielding effect that has no direct counterpart for electromagnetic waves.
Moreover, when different magnetic materials are properly combined, we have shown
that tunable anisotropic effective properties can be obtained. For this reason, most of
the devices conceived for shaping magnetic fields can be realized with existing materials.
And, finally, the magnetic case has a particular importance because magnetism is
found at the basis of many essential scientific and industrial applications. Therefore,
novel strategies to shape and control magnetic fields, as the ”toolbox” presented in
this thesis, could provide important advantages in many of them. The application of
our magnetic bilayer cloak to actual nuclear physics experiments, or the extension of
some of this research to other science areas (allowing the cloaking of diffusive light
or the concentration of thermal fields) are examples of this importance. It is worth
to mention that the research contained in this thesis has resulted in the filing of two
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European patents, indicating the practical side of this research. Moreover, we have
shown that results found in static conditions can also be applied to electromagnetic
waves of low frequency. This result has a special relevance because many of the existing
electromagnetic technologies rely on this low-frequency range of the electromagnetic
spectrum. The novel strategies to control static magnetic fields, thus, could be directly
exported to these technologies in a simple and natural way.
To sum up, the work contained in this thesis presents a set of new tools to manipulate, control and shape magnetic fields. Results provide a new horizon in which
some traditional limitations for manipulating magnetic fields fade and can eventually
disappear. One hundred and fifty years after the formulation of Maxwell’s equations,
magnetism shows there is still much to be explored.
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[112] F. Gömöry, M. Solovyov, J. Šouc, C. Navau, J. Prat-Camps, and A. Sanchez, “Experimental realization of a magnetic cloak,” Science, vol. 335, no. 6075, pp. 1466–
1468, 2012.
[113] J. Prat-Camps, C. Navau, D.-X. Chen, and A. Sanchez, “Exact analytical demagnetizing factors for long hollow cylinders in transverse field,” Magnetics Letters,
IEEE, vol. 3, pp. 0500104–0500104, 2012.
[114] A. Deshpande and N. Feege, “Magnetic field cloaking device rd2013-2 progress
report,” January 2014.
[115] B. Coe, K. Dehmelt, A. Deshpande, and N. Feege, “A compact magnetic cloaking
device for future collider experiments,” Bulletin of the American Physical Society,
vol. 58, 2013.
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