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Chapter 0

Preamble
0.1

Summary and motivation

In this project we present a cylindrically symmetric device that enables magnetostatic invisibility. Although we will rigorous formulate and discuss the meaning of the ”invisibility” concept for static magnetic fields, at first it can be thought as a device such that deviates magnetic fields avoiding a certain
region without perturbing them outside. The design is initially based on the metamaterial concept and
the mathematical technique used to characterize them: transformation optics. From this electromagnetic
result we will extract a set of permeabilities (which magnetically characterize any material) that enable
magnetic cloaking. In the final part we will discretize our proposal in a series of alternating layers that
are already technically available. This will let us propose a feasible device that will make ”invisibility”
achievable in the magnetostatic regime.
The main motivation for this project has been the large number of pioneering scientific investigations
that are directly based on magnetism, in which it is needed an specific control of magnetic fields as
in medicine (NMR, for example), functional materials research (for energy transport and generation),
matter confinement and others. In fact, the idea of a feasible magnetic cloaking would have not only
scientific interest but also important technological applications since magnetic fields are fundamental to
many everyday technologies and in many of them it is necessary to have a precise spatial distribution of
the magnetic field, which should not be perturbed by magnetic objects - not only by magnets but by any
material containing iron or steel, for example. In this context is where we think this work can arouse
interest and can make a modest but remarkable step towards a better magnetic fields management with
consequences not only in scientific research but also in practical applications.

0.2

Objectives

We summarize the main aims in the following points:
• Present metamaterials field and understand the immense versatility they allow to control electromagnetic fields. Understand and apply a mathematically based technique to design electromagnetic
metamaterials that allow an specific control of the electromagnetic fields. Apply this technique to
the well known case of cylindrical cloaking.
• Extend the cloaking concept to the magnetostatics regime, where there is no time dependence (and
there is no electromagnetic induction nor displacement currents). In this context discus and define
the meaning of magnetic field distortion, detectability... to deeply understand what a magnetostatic
cloak should do.
• Propose and simulate a magnetic material (characterizen by its permitivity tensor) that enables
magnetostatic cloaking. Based on this, outline a feasible design (made of currently available materials) to achieve magnetostatic cloaking and test it by performing numerical simulations. Evaluate
its behavior depending on relevant parameters of the design and the applied field.
5

0.3

Structure of this work

This project has been created following a logical structure that can be summarized in the following points:
1. Introduction to relevant electromagnetism concepts: In this first part we present basic electromagnetic relations and concepts necessary to understand later parts.
2. Introduction to metamaterials: In this part a brief introduction about metamaterials is done. We
define the concept and also make a short historical review. We concentrate on a mathematical technique (called transformation optics) that lets one determine metamaterial characteristics (material
permitivity and permeability tensors) in order to gain a certain control of the electromagnetic fields.
We finally apply this to the cylindrical cloaking case.
3. Cylindrical magnetostatic cloak: In this relevant chapter we redefine the meaning of cloaking in the
magnetostatic context. We explain what magnetic field distortion means and how this can be used
to magnetically detect the presence of a material. We also present material parameters necessary to
obtain magnetostatic cloaking.
4. Antimagnet design: In this final section we start introducing simplified permeabilities (homogeneous but anisotropic) that allow a good approximate magnetic cloaking. Next, we discretize these
material parameters proposing a layered structure composed of only two kind of realizable layers.
Using numerical simulations and an iterative process permeabilities of layers are tuned leading to
the final antimagnet design. Antimagnet behavior is studied depending on the number of layers
and its permeabilities or the applied magnetic field.
5. Conclusions: We finish the project summarizing the most relevant conclusions extracted from the
previous parts.
6. Appendix: Some secondary analytical developments are presented in this final part.
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Chapter 1

Introduction to relevant
electromagnetism concepts
1.1

Magnetostatics in a medium

The fundamental equations in the magnetostatic regime are [1]
∇ × H = Jf ,

(1.1)

∇ · B = 0,

(1.2)

where H is the magnetic field, B is the magnetic induction and Jf is the free current density. These
equations lead to the following boundary conditions that fields have to satisfy at the interface between
two magnetic media
n × (H1 − H2 ) = Kf ,

(1.3)

n · (B1 − B2 ) = 0,

(1.4)

where Kf is the free surface current density and n is a unitary vector perpendicular to the interface that
points outwards medium 2.
The magnetic field and the magnetic induction are related to each other by means of the magnetization
M as
B = µ0 (H + M),
(1.5)
so that when there is no material, fields are simply linked through the vacuum permeability constant µ0
as B = µ0 H. Considering this equations 1.1 and 1.3 can also be rewritten as a function of the magnetic
induction as
∇ × B = µ0 (Jf + JM ),
n × (B1 − B2 ) = µ0 (Kf + KM ),

(1.6)
(1.7)

where JM and KM are the magnetization current density and the magnetization sheet current density,
respectively, defined as
JM ≡ ∇ × M,

(1.8)

JM ≡ n × (M1 − M2 ).

(1.9)

Another relevant magnitude is the magnetic susceptibility tensor χm (H, r), defined as
M(r) = χm (H, r) · H(r).

(1.10)

B(r) = µ0 (1 + χm (H, r))H(r) = µ0 · µ(H, r)H(r),

(1.11)

This lets us rewrite equation 1.5 as
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where the magnetic permeability tensor has been defined as µ(H, r) ≡ 1 + χm (H, r).
If the currents distribution along the whole space is known we can calculate magnetic induction field
inside and outside the material as
Z
r − r0
µ0
dV 0 .
(1.12)
(Jf (r0 ) + JM (r0 )) ×
B(r) =
4π V
|r − r0 |3
If material is characterized by its permeability µ(H, r) the rest of magnitudes can be found using expression 1.11 to determine magnetic field H and 1.5 to find the magnetization M (knowing that outside the
material µ = 1 and M = 0).

1.1.1

Linear materials

The general relation 1.10 can be simplified if we assume that magnetic materials are linear. Along this
project we will always assume this simplification so that we can rewrite equations 1.10 and 1.11 as
M(r) = χm (r)H(r),

(1.13)

B(r) = µ0 (1 + χm (r))H(r) = µ0 µ(r)H(r),

(1.14)

respectively. In this case susceptibility χ(r) and permeability µ(r) are tensorial magnitudes whose elements only depend on the position.

1.1.2

Absence of free currents: magnetic poles densities

When the free current density Jf is 0 equation 1.1 can be written as
∇ × H = 0,

(1.15)

meaning that magnetic field can be expressed as minus the gradient of a scalar magnitude that we call
magnetic scalar potential Φm . This establishes a perfect analogy with the electrostatic case and this lets
us understand magnetic field H as the sum of the external applied field Ha and the demagnetizing field
Hd
H = Ha + Hd .
(1.16)
In this case demagnetizing field is the field created by the surface (σM ) and volume magnetic poles
densities (ρM ), defined as
σM = M · n,

(1.17)

ρM = −∇ · M,

(1.18)

where n is the normal unit vector perpendicular to the surface. Finally, demagnetizing field Hd can be
calculated using magnetic poles densities as
Z
Z
1
r − r0
1
r − r0
0
0
0
Hd (r) =
ρM (r )
dV
+
σ
(r
)
dS 0 .
(1.19)
M
4π V
|r − r0 |3
4π S
|r − r0 |3
The main difficulty of this approach is that Hd , σM , ρM and M are linked in a complex way; because
Hd depends on σM and ρM (1.19) which depend on M (1.17, 1.18) but at the same time magnetization
depends on Hd (1.10, 1.16) too. To solve this problem several strategies can be followed. A basic option
to numerically solve it is to use an iterative method.

1.2

Maxwell’s equations and boundary conditions

Electromagnetism is fully described by the electric and magnetic constitutive relations (which relate B
with H (eq. 1.10) and D with E), the Lorentz’s force equation plus the four Maxwell’s equations :
∇×E=−
8

∂B
,
∂t

(1.20)

∂D
,
∂t
∇ · D = ρf ,

∇ × H = Jf +

∇ · B = 0,

(1.21)
(1.22)
(1.23)

where E is the electric field and D the displacement field. The way these equations are written in 1.201.23 make them valid in any medium [2]. If we are in empty space they can be simplified using electric
and magnetic constitutive relations.
From these Maxwell’s equations one can derivate boundary conditions equations that electric and
magnetic fields must fulfill in each interface that separates two media:
n × (E1 − E2 ) = 0,

(1.24)

n × (H1 − H2 ) = Kf ,

(1.25)

n · (D1 − D2 ) = σf ,

(1.26)

n · (B1 − B2 ) = 0,

(1.27)

where n is a unitary vector perpendicular to the interface that points outwards medium 2, Kf is the surface
free current density in the interface and σf is the surface free charge density in that surface.

9
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Chapter 2

Introduction to metamaterials
2.1

Definition of the ”metamaterial” concept

Metamaterial concept is really new. It was used for the first time in 1999 by professor Rodger M. Walser
from Texas University to refer to ”macroscopic composites having a synthetic, three-dimensional, periodic cellular architecture designed to produce an optimized combination, not available in nature, of two or
more responses to specific excitation” [3]. An alternative definition [4] that gives a more intuitive idea of
this concept describes the metamaterial as ”a material that owes its properties mainly to its microstruture
more than to its composition”. Certainly both definitions provide relevant information about the concept,
but we will take as a final definition the following:
Electromagnetic metamaterials are materials constituted by an artificial micro-structure that bring them
an electromagnetic effective behavior different from what is found in nature.
From this definition [5] several points must be carefully discussed. In the first place we note that a
metamaterial is made of small structures and these structures determine its interesting electromagnetic
properties [6]. These properties are determined as a macroscopic effective behavior (fully characterized
by its permitivity and permeability tensors) which can be understood as an average of the responses given
by all small structures forming the material. If the metamaterial electromagnetic behavior is understood as
this average it is clear that constituting microstructures cannot have arbitrary sizes and there has to exist
a characteristic scale. And that is what defines the effective homogeneity limit [5] which requires that
constituting structures size has to be much smaller than the electromagnetic wavelength (λ). In order to
fix ideas we will take this homogeneity limit (p) such that p < λ/4. This means that if this scale condition
is fulfilled and all metamaterial constituting structures are smaller than the effective homogeneity limit
the substance behaves as if it was homogeneous (because the electromagnetic wave does not appreciate
structure details) and it can be fully characterized by its macroscopic effective constitutive parameters.
It is worth to say that the relationship between a certain microstructure and its corresponding effective
macroscopic constitutive parameters can be extremely complex and, in general, strongly depends on the
frequency of the wave. In the radio-frequency context, microstructure design process requires a deep
knowledge of resonance phenomena and results in a challenging engineering and physical task that is
beyond the scope of this project.
Nevertheless most of these difficulties related to microstructure design disappear in static conditions.
In this case (understood as the limit when frequency tends to zero) associated wavelength becomes infinite, so that there is no effective homogeneity limit and therefore it does not exist an upper limit to the size
of the constitutive structures.

2.2

Brief historical review

Although the metamaterial concept did not appeared until the 90’s some underlying ideas had already
been proposed and discussed since long time before. In this section we will make a brief revision of these
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first concepts related to the metamaterials field and we will rapidly outline most relevant steps that have
led to the currently success of this discipline.
To start we have to look back until 1968, when V. G. Veselago published an article [7] in which he
explained the surprising properties that would exhibit a material having simultaneously negative permitivity and permeability. Although this is considered the conceptual seed of the metamaterials field some
previous works done by Russian researchers in the 50’s had already explored these fields of negative
refraction media and backward-wave media [8, 9, 10].
During the 60’s there were developed several structures that enabled backward-wave propagation for
microwaves tubes [11, 12, 13]. Also in this period negative refraction was discovered in periodic media
[14]. However it was Veselago [7] who synthesized most of these ideas. In this article he exposed a
systematic study of the electromagnetic behavior that a material with simultaneously negative permitivity
and permeability would have. He called them left-handed media (LHM), because of the fact that the
electric field vector E, the magnetic field vector B and the wave vector k would form a left-handed triad
(the vectorial product of the first two would point in the opposite direction of the third). This would mean
an interesting difference respect to systems with positive parameters (RHM), because in these systems
those three vectors form a right-handed triad (differences can be seen in figure 2.1 a and b).
Apart from this point, Veselago also demonstrated that in such systems several fundamental electromagnetic phenomena would change significantly [5]:
1. Necessary frequency dispersion of the constitutive parameters.
2. Reversal of Doppler effect.
3. Reversal of Vavilov-Cerenkov radiation.
4. Reversal of the boundary conditions relating the normal components of the electric and magnetic
fields at the interface between a conventional/right-handed medium (RHM) and a LHM.
5. Reversal of Snell’s law.
6. Subsequent negative refraction at the interface between a RHM and a LHM.
7. Transformation of a point source into an exact point image by a LHM slab.
8. Interchange of convergence and divergence effects in convex and concave lenses, respectively,
when the lens is made with a LHM.
9. Plasmonic expressions of the constitutive parameters in resonant-type LHM.
Veselago concluded his paper by discussing potential real (natural) ”substances” that could exhibit
left-handedness. He suggested that ”gyrotropic substances possessing plasma and magnetic properties”
(”pure ferromagnetic metals or semiconductors”), ”in which both ε and µ are tensors” (anisotropic structures), could possibly be LHM. However, he recognized, ”Unfortunately, ... , we do not know of even a
single substance which could be isotropic and have µ < 0”, pointing out how difficult it seemed to realize
a practical LHM structure. No left-handed material was indeed discovered at that time. In fact, this impossibility to find natural materials such that had suitable properties made that metamaterials discipline
was largely forgoten by the scientific community for more than 25 years. At the end of the 90’s the topic
started to attract attention again.
A first revolution on LHM (field that soon was generalized with the appearance of the metamaterial
term) occurred in 1996 when Pendry et al. realized an artificial electric plasma using a thin-wire structure
that exhibited negative permitivity [16] (see figure 2.1 c). Three years later Pendry and his coworkers
discovered the artificially magnetic plasma whose permeability was negative[17]. In that work, the wellknown split-ring resonators (SRR, shown in figure 2.1 d) were used to achieve the negative magnetic
response. These discoveries were presented the same year 1999 in the first PECS (Photonic and Electromagnetic Crystal Structures) workshop celebrated in Laguna Beach. In this congress Pendry reported
their attempts at designing electric and magnetic metamaterials. David Smith and Shelly Schultz were
optimistic about the new materials and went on to manufacture the first negatively refracting substance
ever made by combining a negative permitivitty and a negative permeability metamaterial in the same
12

Figure 2.1: Relative distribution of electric field, magnetic field, wave vector and Poynting vector (S) in RHM and LHM (a and b respectively).
Placement of the first 3 can be directly deduced from Maxwell’s equations and implies that in RHM energy propagation direction is the same as the
group velocity vg and the phase velocity vp . On the other hand in LHM the wave vector k has opposite direction so that the phase velocity propagates
in the opposite direction of the group velocity and the Poynting vector (these two keep the same direction) [15]. In caption c a thin-wire structure is
schemed and in d a group of SRR’s.

structure (a combination of wires and SRRs) [18]. The experimental confirmation was presented in 2001
[19]. Their work fired a huge amount of interest, not all of it positive, but the validity of their conclusions
has now been confirmed many times over. Their paper opened the way for experimental exploration of
Veselago’s theoretical concepts.
Inspired by the experimental realization, metamaterials have attracted growing attention in both theoretical exploration and experimental study [20, 21, 22, 23, 24, 25], including the exciting discovery of
perfect lens and super lens [20]. Nowadays these concepts have been not only theoretically studied but
also experimentally checked. There have been used silicon carbide structures (which have an effective
permitivity near to -1) to get resolutions of λ/20 [26] (where λ is the wavelength used). However, all
these LHM has unavoidable disadvantages of big loss and narrow bandwidth, and such disadvantages
have restricted their applications.
In the meantime, an alternative representation of LHM was presented by three groups (Eleftheriades,
Oliner and Caloz-Itoh), almost simultaneously in June 2002, using the transmission-line (TL) approach
[27, 28, 29, 30, 31, 5]. Without going into details this approach has been used to propose a general
composite right-left-handed (CRLH) and also to design a lot of microwaves components and antennas
[5].
Despite the good properties, LHMs suffer from the large loss and narrow band-width. Hence scientists looked for other features of metamaterial beyond the negative refraction. Then the second revolution
on metamaterials discipline came in 2005 when a gradient refractive index medium was realized to bend
electromagnetic waves [32]. In the following year a mathematically-based technique called transformation optics was presented. This allowed to find material constitutive parameters necessary to execute a
precise control of the electromagnetic fields. As an application of this technique there were designed
invisibility cloaks using metamaterials [33, 34].
From then on, metamaterials have a much broader meaning than LHM, which do not require the
negative permitivity and/or negative permeability, and therefore open a completely new area. After the
experimental realization of approximate invisibility cloak in the microwave regime [35, 36], a large explosion of interest has been paid to metamaterials and specially to the transformation optics technique.
At the present time there have been designed invisibility cloaks with square shape [37], cylindrical [38],
spherical [39] and ellipsoidal [40, 41] but also with more complex shapes [42, 43]. There have also
been designed concentrators (devices that concentrate electromagnetic fields in a small region of space
[37, 44]); EM-field and polarization rotators [45], wave-shape transformers (to design antennas with high
gain, for example) [46, 47], EM-wave benders (to reorient electromagnetic waves in the desired direction)
[48, 49], and other interesting applications.
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Concerning the invisibility topic, recent proposals tend to look for configurations which lead to more
realizable material parameters. A recent and successful proposal is called carpet cloaking. In the initial
article [50] authors proposed that an object sitting on a flat ground plane could be made invisible under a
fully dielectric gradient-refractive-index ”carpet” cloak generated by conformal mapping. Although this
strategy does not lead to strict invisibility (the object must be placed under a carpet and the metamaterial
hides the bulge appeared because of the presence of the object) it has significant practical interest because
material parameters are not required to have any singularity and, in fact, anisotropy of the cloak can be
minimized. Feasibility of this idea has already been experimentally checked [51, 52].

2.3

Mathematical technique to design electromagnetic metamaterials: transformation optics

When we need that electromagnetic fields propagate in a particular way we have to design the metamaterial in such a way that enables this specific control. In principle it could be a difficult job, specially when
a non-trivial electromagnetic fields propagation is needed. However, a mathematical technique based on
Maxwell’s equations form invariance under coordinate transformations makes this task easier and it lets
to directly find permitivity and permeability tensors (which are enough to characterize a material from an
electromagnetic point of view) that make the desired control possible. This technique is called transformation optics [34] and since it was published in 2006 it has been used to theoretically design and characterize innovative devices as electromagnetic cloaks [34, 37] (to deviate electromagnetic waves avoiding a
inner region without distorting them outside), concentrators [37, 44] (which concentrate electromagnetic
fields in a small region), field and polarization rotators [45], wave-shape transformers [46, 47], and other
interesting devices.
Imagine we want light to propagate describing a certain curvature (configuration S’), as it is illustrated
in fig 2.2 a. We start from a cartesian coordinates system with simple isotropic and homogeneous permitivity and permeability values (configuration S, illustrated in figure 2.2 b) in which we impose Maxwell’s
equations to be fulfilled. Then, as we want light to propagate as in S’ configuration we proceed to deform
the original cartesian coordinate system so that its axis follow the desired curvature. This transformed
space is draft in figure 2.2 c (only space inside the dashed rectangle is distorted), and its coordinates
(x’ = (x0 , y 0 , z 0 )) are related with coordinates of original space S (x = (x, y, z)) through a coordinates
transformation

0
0

x = x (x, y, z)
0
0
0
0
(2.1)
x = x (x) ⇒ y = y (x, y, z) ,

 0
0
z = z (x, y, z)
and in this transformed space light will propagate describing the desired curvature. However, will
Maxwell’s equations keep being valid in this transformed space? The answer to this question is affirmative, as long as material parameters rescale properly. This is what we call Maxwell’s equations form
invariance: if the coordinates system is deformed permitivities and permeabilities must be modified in
order to keep Maxwell’s equations valid. And this is the key point of this technique, because if we put
this new values of permitivity and permeability in a cartesian non-deformed space, fields that will fulfill
Maxwell’s equations with these new values of µ and ε will be the same that would be if the space was
transformed. This means that electromagnetic fields will propagate as if space was deformed, describing
the desired curvature (as can be seen in figure 2.2 d).
So thanks to this technique, if we have a certain space transformation described by its corresponding
equations (in the form of 2.1), new material parameters µ0 and ε0 can be calculated by the expressions
[34, 4]:
0 0

0

0

0 0

0

0

ε0i j = [det(Λ)]−1 Λii Λjj εij ,
µ0i j = [det(Λ)]−1 Λii Λjj µij ,
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ε0 (~x0 ) =

Λ · ε(~x) · ΛT
,
det(Λ)

(2.2)

µ0 (~x0 ) =

Λ · µ(~x) · ΛT
,
det(Λ)

(2.3)

Figure 2.2: Figure a shows the desired light propagation. We start from an empty cartesian non-deformed space (b) where propagation takes places
as indicated by the straight arrow. Then we distort space (c) so that propagation in this transformed space describes the desired curvature (only space
inside the dashed rectangle has been deformed). Finally we recalculate material parameters that make Maxwell’s equations to have the same form in
the transformed space [53] and we put these new parameters in the original cartesian non-deformed space so that propagation takes places as if space
was effectively deformed.

where:
0

∂xj
.
(2.4)
=
∂xk
Equations 2.2 and 2.3 are expressed in two different but completely equivalent notations. We must
advice that these expressions are only valid if coordinate systems are orthogonal [34] (meaning that the
sets of unitary vectors in the original and also in the transformed coordinate systems are orthogonal).
If it is not the case, it must be followed the whole development explained in [34, 54, 2]. It is worth to
remark that this method is more general and it can be applied not only to spacial transformation but also
to time-dependent ones [4]. Nevertheless in this project we will only refer to spacial time-independent
transformations. Another subtle but important point is that the material parameters calculated using
this technique will not cause reflection nor electromagnetic scattering if certain constrains are satisfied.
Details can be found in references [55] and [4] but it is enough to know that these materials will not cause
scattering nor reflection (i.e. will be useful to get ”invisibility”) if the coordinates transformation keeps
continuity of the transformed space.
0
Λjk

2.3.1

Application of transformation optics technique to the cylindrical cloaking

One of the simplest and most powerful devices that can be designed using transformation optics is an
”electromagnetic cloak”. We define an ”electromagnetic cloak” as a shell of material such that avoids
electromagnetic fields to enter inside an inner region (meaning that external electromagnetic fields do not
interact with any object placed inside) and does not cause any reflection nor scattering outside the device.
So that as the incident electromagnetic wave is not modified by the presence of the cloak an external
observer would not realize of its presence, achieving invisibility of the device and of any object placed
inside.
Although this definition gives freedom to imagine a cloak with an arbitrary geometry (and transformation optics technique can be perfectly applied to design complex geometry cloaks [42, 43]) it is easier
to understand and design cloaks with important symmetries in order to obtain simpler material parameters
for the cloak. This is the case of square [37], cylindrical [38], and spherical [39] cloaks. In this section
we will concentrate on cylindrical cloaks, in which its symmetry along z axis (see figure 2.3 a) reduces
the problem to 2 dimensions (XY plane).
Assuming this cylindrical symmetry we will apply transformation optics technique to design a cloak
that avoids electromagnetic fields to enter inside a radius R1 . This can be though as a spacial transformation in which we deform space from r = 0 to r = R2 compressing and replacing it between r0 = R1
and r0 = R2 (where R2 > R1 as can be seen in figure 2.3 b). There are several ways to do this as there
exists many ways to compress space between R1 and R2 . The simplest way to do it is making a linear
compression, where a point with radial coordinate r is replaced in a new radial coordinate r0 such that the
ratio between r and radial distance R2 is the same as r0 − R1 and the shell thickness R2 − R1 . This can
be expressed as
r0 − R1
R2 − R1
r
=
=⇒ r0 =
r + R1 .
(2.5)
R2
R2 − R1
R2
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Figure 2.3: Figure a shows the cylindrical symmetry of the system and the relevant xy plane. In b we show inner and outer radius R1 and R2
between which we will compress space as is shown in c. Finally in d we indicate the position where the material has to be put in order to cause the
same electromagnetic deviation as if the space was effectively deformed like in figure c.

So the complete space transformation is
R2 − R1
r + R1 ,
R2
r0 = r,
r0 =

φ0 = φ,

z 0 = z,

r ∈ (0, R2 ]

(2.6)

φ0 = φ,

z 0 = z,

r ∈ (R2 , ∞)

(2.7)

where primed coordinates r0 , φ0 , z 0 refer to the transformed space and r, φ, z to the original one, both
expressed in the usual cylindrical coordinates system. Doing so transformed space will look like in figure
2.3c (where region inside R1 contains no space) and material parameters that we will obtain must be
placed in coordinates of transformed space (shaded region of figure 2.3 d).
Once the space transformation is outlined, we proceed to find material parameters (µ0 and ε0 ) using
transformation optics technique. We start with equation 2.4, that determines each element of the transformation matrix Λ. In this equation transformed (x0 , y 0 , z 0 ) and original (x, y, z) spaces are assumed to be
cartesian. As our space transformation is expressed in terms of cylindrical coordinates (from cylindrical
coordinates system (r0 , φ0 , z 0 ) to (r, φ, z)), we must correct some elements of this tensor as follows
 ∂r0

∂r 0
∂r 0
∂x



0

j0
Λk = r0 ∂φ
 ∂x


∂y

∂z
0

0

r0 ∂φ
∂y

r0 ∂φ
∂z

∂z 0
∂y

∂z 0
∂z

∂z 0
∂x




,



(2.8)

where we have added a multiplying r0 factor in the second row. The need of this extra term can be understood if we consider how infinitesimal displacements in cylindrical coordinates are related with the
cartesian ones. In figure 2.4 we can see infinitesimal displacements corresponding to r and z coordinate
(denoted by dr and dz) that are vectors obtained by a differential variation of each coordinate. Nevertheless it is very different in the case of the angular coordinate φ, where a differential variation of the angle
does not has the proper displacement meaning. In this case the infinitesimal displacement vector must
be calculated as rdφ, as it is shown in figure 2.4 b. And that is the reason why this extra r0 term must
be added in the second row, when we calculate partial derivatives of the transformed angular coordinate
φ0 . This reasoning must be taken into account whenever angular coordinates are used in order to properly
express infinitesimal displacements and to calculate correct partial derivatives.
Following the development, transformation matrix 2.8 can be rewritten as
 ∂r0 ∂r

∂r 0 ∂r
∂r 0 ∂r
∂r ∂x



0

j0
∂φ
Λk = r0 ∂φ
∂φ
∂x


∂z 0 ∂z
∂z ∂x

∂r ∂y
0
∂φ
r0 ∂φ
∂φ ∂y

∂z 0 ∂z
∂z ∂y

∂r ∂z




0
∂φ 
.
r0 ∂φ
∂φ ∂z 


∂z 0 ∂z
∂z ∂z

(2.9)



Using derivatives chain rule and the fact that r0 only depends on r (and obviously φ0 and z 0 only depend
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Figure 2.4: Scheme of cylindrical coordinates system and the corresponding infinitesimal displacements.

on φ and z respectively). Introducing space transformation equations 2.6 and 2.7, Λ matrix becomes
 R2 −R1

R2 −R1
0
0
0
R2 cosφ
R2 sinφ


 0 R −R

j0
0
0 R2 −R1
0
2
1

(2.10)
Λk = r R2 (R1 −r0 ) sinφ r R2 (r0 −R1 ) cosφ 0
.


0

0

1

All elements are expressed in terms of the transformed space coordinates r0 , φ0 , z 0 , because we must
remember that material parameters µ0 , ε0 have to be placed in transformed space coordinates. Using
expressions 2.2 and 2.3 and taking into account that initial space before deformation is an empty cartesian
space such that µij = εij = δ ij we directly find material parameters
 0

r −R1
0
0
r0




0


0 0
0 0
r
0
0
,
0 −R
µ0i j = ε0i j = 
r0 ∈ (R1 , R2 )
(2.11)
r
1





2 0


R2
r −R1
0
0
·
0
R2 −R1
r
which are diagonal tensors whose non-zero elements are µr0 r0 = εr0 r0 , µφ0 φ0 = εφ0 φ0 and µz0 z0 = εz0 z0 .
So the desired permitivity and permeability values are:
µr0 r0 = εr0 r0 =

r0 − R1
r0

(2.12)

µφ0 φ0 = εφ0 φ0 =

r0
r0 − R1

(2.13)


µz0 z0 = εz0 z0 =

R2
R2 − R1

2
·

r 0 − R1
r0

(2.14)

expressions that can be found in [38]. We can interpret each element of this tensor as the permeability (and
permitvity) that the device must have in the radial, angular and z direction (defined by its corresponding
infinitesimal displacements dr, dφ and dz shown in figure 2.4) respectively. We already indicated that
material parameters must be put in coordinates of the transformed space so that metamaterial have to be
displaced in a shell with inner and outer radius R1 and R2 respectively. Inside R1 no material is necessary
(and because of this any material we want to hide from electromagnetic fields can be put there) because
the space transformation that we have used excluded space from the circular region with radius R1 .
Finally in figure 2.5 a we plot the three material parameters functions respect to the radial coordinate
r and in b we show the path that light rays would follow when they interact with such cloaking device.
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Figure 2.5: In figure a we show plots of material parameters µr0 r0 , µφ0 φ0 and µz0 z0 as a function of the radial coordinate r 0 . Notice that angular
component diverges in the inner limit r 0 = R1 . In figure b light rays path is schemed, showing how they avoid the central region and how they follow
the same path before and after interacting with the cloaking device.
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Chapter 3

Cylindrical magnetostatic cloaking
In the previous chapter we have explained and applied a technique called transformation optics to find
material parameters of a device that allows electromagnetic invisibility of any object placed inside. In
this context, electromagnetic invisibility can be easily defined as the absence of any absortion, reflection
or dispersion of the electromagnetic wave that makes an object electromagnetically detectable. However,
if we want to extend this ”invisibility” concept to magnetostatic fields some important questions must be
reformulated. What does detectability mean in a magnetostatic context? What kind of distortion appears
when a magnetic object is placed in a magnetic field and why does it appear?
In this chapter we will answer these questions and we will extend electromagnetic invisibility concepts
to the magnetostatic context.

3.1

Electromagnetics of magnetostatic regime

Maxwell’s equations 1.20-1.23 presented in section 1.2 show how electric and magnetic fields are linked
not only between them but also to their temporal variation. When we suppose static conditions (i.e.
temporal derivatives are zero) electric and magnetic fields become decoupled and this leads to the electrostatic and magnetostatic regimes. The magnetostatic regime is only ruled by two Maxwell’s equations
(from eq. 1.21 and 1.23) plus the magnetic constitutive relation (eq.1.14):
∇ × H = Jf ,

(3.1)

∇ · B = 0,

(3.2)

B = µ0 µH.

(3.3)

This situation when there is no time dependence of any physical magnitude can be thought as the limit
when temporal variations become infinitely slow (this means the case when frequency tends to zero and
the wavelength tends to infinity). An infinite associated wavelength implies that there is no scale limit
for the size of structures that have to interact with magnetic fields (different from the usual electromagnetic regime, when structures size is delimited by the effective homogeneity limit, which depends on the
wavelength).

3.2

Physical meaning of a magnetostatic cloaking: distortion and
detectability

When we deal with electromagnetic waves the presence of a certain object can be detected due to the
appearance of dispersion and absorption phenomena (what makes shadow and different colors to appear
as a ”visual image”). Nevertheless, in magnetostatics regime we must define another criteria to judge if
a certain object can be magnetically detected or not. In the following parts we will define and justify it.
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3.2.1

Interaction of the magnetic field with a magnetic object: appearance of
distortion

In section 1.1 we have explained the relationship between relevant magnitudes in magnetostatics. We saw
that there are different approaches that can be used to describe interaction between magnetic fields and
magnetic materials. As we deal with materials in which there are not free currents, from now on we will
use the magnetic poles approach (section 1.1.2).
In this framework we need to understand how interaction between magnetic fields and materials take
place. To start imagine a certain applied field (for example field created by a magnetic dipole as is
sketched in figure 3.1 a). Also imagine an arbitrary magnetic material (with no conductivity and magnetically characterized by its permeability tensor µ). Even thought it has no initial magnetization, when
it interacts with applied magnetic field a local magnetization M will appear in it. As we have explained
in section 1.1.2 it causes surface and volume magnetic poles to appear (eqs. 1.17 i 1.18) which create
the associated demagnetizing field Hd (given by eq. 1.19). To calculate magnetic induction B inside the
material we must use the complete equation 1.5. However, outside the material magnetization field M is
zero, so that total magnetic induction will be given by
B = µ0 (Ha + Hd ),

(3.4)

and this equation reflects the key point of interaction between magnetic fields and magnetic materials:
the resulting distorted field outside the material is the superposition of the applied induction field (Ba =
µ0 Ha ) and the demagnetizing induction field (Bd = µ0 Hd ), created by magnetic poles densities (as
shown in figure 3.1 c), where the applied dipolar field is drawn in red lines , while demagnetizing field
created by magnetic poles densities is drawn in blue lines). The superposition of these two fields is shown
in figure 3.1 b). This demagnetizing field modifies the initial applied field and it is the cause of distortion
appearance.

3.2.2

Distortion as a way to detect the presence of the object

Following the previous development we are ready to understand how the presence of a magnetic material
can be detected. We have just seen that the presence of the magnetic object creates a certain demagnetizing field outside that causes distortion of the applied field. But this demagnetizing field also reveals
the presence of the magnetic object. For example the magnetic source of the applied field will notice this
demagnetizing field so that a certain interaction will appear (because, of course, the source does not notice the field created by itself). If the applied field is created by a dipole, the demagnetizing field created
by the magnetic object will, in general, induce a certain torque or a force to this dipole (see scheme of
figure 3.1d where is clearly shown this interaction between demagnetizing field and the dipolar source)
which will let to detect the object. Another way to realize about the presence of the obtject is doing a
precise measure of the total magnetic field that there is in a certain point (near the material). Doing so
field that we will measure will be the sum of the applied field (which is known because it only depends on
the applied field source and the measuring point) plus the demagnetizing field created by magnetic poles
appeared in the magnetic object. Comparing the measured field with the applied field, demagnetizing
field can be found, revealing the presence of the object.
If the magnetic object is such that demagnetizing field created by its magnetic poles distribution is
zero outside it then the total induction field B will be the same as the applied induction field Ba , i.e. there
will be no field distortion outside and no detection will be possible.
To sum up, in magnetostatics regime we will consider a magnetic object detectable if and only if
given a certain applied field it becomes modified (outside the object) by the presence of this object.
Finally it is also worth to remark that the demagnetizing field will not only depend on the geometry
and the permeability tensor of the object but also on the external applied field, as the appeared magnetic
poles densities will depend on it too. This means that distortion caused by a certain object (i.e. its
magnetic detectability) will change depending on the magnetic source we use. We must keep this point
in mind when we check the magnetic cloaking capability of any device we design.
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Figure 3.1: Figure a shows applied dipolar field. In b magnetic material (in black) is placed so that magnetic field lines are modified. In figure c we
show how this distorted field is the superposition of the demagnetizing field (in blue) and the original dipolar applied field (in red). Demagnetizing
field is created by magnetic poles densities appeared in the object. These densities are schemed in figures c and d as red and blue shaded regions
inside the material (representing positive and negative poles densities respectively). In figure d interaction between demagnetizing field and the dipole
is shown, meaning that the dipole will be aware of the presence of the object.

3.2.3

Magnetostatic cloaking makes any object magnetically undetectable

In the second chapter we described an electromagnetic cloaking device that bends light rays in such a
way that they avoid a central region (region where we can put any object we want to hide) and let the rays
propagate behind as if the light had traveled in free space (with no absorption nor dispersion, as light rays
show in figure 2.5 b).
In this context, a magnetostatic cloak [56] makes something completely analogous: it makes magnetic
field to avoid a central region leaving the field outside the device undistorted. As there is no distortion
outside, the whole device becomes magnetically undetectable and also its content as no external magnetic
field reaches the central region. This behavior must be expected for any applied magnetic field in order
to guarantee that any magnetic source will not detect its presence (as shown in figure 3.2, where different
applied magnetic fields are tested to ensure a perfect undetectably).
Before we conclude this section an interesting discussion must be done. We explained that magnetic
poles induced in the material generate a demagnetizing field that causes the applied field distortion and,
therefore, allows the object detection. Nevertheless this demagnetizing field naturally decreases its modulus as we go far from the material. This means that at certain distance all magnetic materials become
magnetically undetectable (different from what happens with electromagnetic waves, where scattering
and absortion phenomena obey different decaying rates). Because of this, any magnetic cloaking device
should be evaluated comparing the distortion it generates with the distortion created by another reference
material (for example a superconducting or a high permeability ferromagnetic shell).

Figure 3.2: Field lines from numerical simulations where different magnetic fields (a: uniform applied field, b: field created by a current wire, c:
dipolar field) interact with a cylindrically symmetric cloaking device with permeabilities described by equations 2.12-2.14 taking R1 = 0.1m and
R2 = 0.2m. Outside it there is no distortion in any case so that the device is magnetically undetectable for any magnetic source.
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3.3

Permeability tensor that enables magnetostatic cloaking

In principle, tranformation optics technique described in section 2.3 lets us find material parameters (µ0
and ε0 ) that make all four Maxwell’s equations [2] to be the same in the transformed space and in the real
space full of the suitable material. This means that, in principle, this technique should be valid to shape
not only the propagation of an electromagnetic wave but also for static magnetic fields (in the magnetostatic regime) and for static electric fields (in the electrostatic regime). Because of this the parameters
obtained in section 2.3.1 (expressed in 2.12-2.14) should enable magnetostatic cloaking. Nevertheless,
we must be very careful about this affirmation due to the special nature of the space transformation used
to obtain cloaking as we have done in section 2.3.1. In this type of transformation we have expanded
a infinitesimally thin wire of original space in such a way that it has become a cylinder, whose radius
becomes R1 (we call this a ”punctual expansion”).
For electromagnetic waves the discussion about the validity of the permeability and permitivity parameters obtained by this space transformation has already been done in [39]. The author justifies that
from the perspective of the transformed space the cloaking device would effectively compress the cloaked
space (inside R1 ) in a infinitely thin line (for cylindrical symmetry) or in an infinitely small sphere (for
spherical symmetry). However, in both cases the resulting infinitesimal ”line” and ”sphere” would not
cause dispersion nor reflection of any incident electromagnetic wave, what proves that material parameters obtained by this space transformation are valid in the electromagnetic regime to obtain a perfect
cloaking.
Electrostatic and magnetostatic cases, however, have not been discussed yet. And in general, arguments used to demonstrate the validity of parameters for electromagnetic waves do not apply in these
regimes. That’s why we cannot directly use permitivity parameters found by transformation optics technique (when we have done a ”puntual expansion”) in the magnetostatics regime expecting the same
behavior as with electromagnetic waves. To verify the validity of these parameters we must check magnetic fields behavior in interaction with such device starting from magnetostatic Maxwell’s equations
(3.1-3.3). For the cylindrically symmetric case this is done in appendix A, where we demonstrate the
validity of permeabilities expressed in equations 2.12-2.13 (µz0 z0 parameter expressed in 2.14 is not relevant in the cylindrical magnetostatic case due to the translational symmetry along the z axis) to cloak
a uniform applied magnetic field. In addition we have also performed some numerical simulations of
this cloaking device interacting with other magnetic sources as a dipole or a current wire. These and the
rest of simulations included in this project have been performed using COMSOL Multiphysics software,
magnetostatics module. As all devices and fields studied have translational symmetry along the z axis,
only bidimensional simulations have been done. In captions from figure 3.2 we can see the results of these
simulations which confirm that the device causes null distortion (or less than the numerical resolution of
each simulation) for a non-uniform applied field. This shows that quoted permeabilities also cloak static
magnetic fields [57].
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Chapter 4

Antimagnet design
4.1

Rigorous definition of ”antimagnet”

In section 3.2.3 of the previous chapter we already defined the concept of a magnetostatic cloak (a device
that makes null interior magnetic field and leaves external field undistorted). At this point we want to
redefine our goal into a more ambitious one, we want to design an antimagnet defined as a material
forming a shell that encloses a given region in space while fulfilling the following two conditions:
1. The magnetic field created by any magnetic element inside the inner region (e.g. a permanent
magnet) should not leak to outside the region enclosed by the shell.
2. The system formed by the enclosed region plus the shell should be magnetically undetectable from
outside for any magnetic source (i.e. it has to leave any magnetic field outside the device undistorted).
Since we deal with static magnetic fields we can take advantage that a layer of superconducting material
(with µ = 0) at the inner surface would directly fulfill condition (1) [58]. So the main difficulties arise
from condition (2) since any superconducting layer would affect the external magnetic field and therefore
interact with an external field source. We will solve this problem in two different steps explained in the
following two sections.
Feasible antimagnets characterized by these two conditions would have important practical applications both in research and in applied fields. They could be used in experiments in which a precise
magnetic field would be needed in order to avoid undesired distortions caused by magnetic materials (not
only permanent magnets but also iron-based materials). They could also be used in magnetic resonance
tests in order to avoid interaction between the applied magnetic field and ferric parts of the sample (and
causing no distortion, so that we still could extract valuable information of the test). It could also have
interest in reducing the magnetic signatures of vessels and ferric structures so that they would become
magnetically undetectable.

4.2

Homogeneous anisotropic material that enables an approximate cloaking

In section 3.3 we explained that permeabilities expressed in 2.12-2.13 were also valid to build a magnetostatic cloak. Despite of the correct behavior exhibited they are completely impractical because they
involve a fine-tuned continuous variation of anisotropic properties. However, can a similar magnetic field
behavior (in particular no field distortion in the exterior region) be produced with simpler permeability
arrangements? In the following we will demonstrate that a whole family of homogeneous magnetic systems exist with the property that they produce a null effect on an externally applied magnetic field. Each
of these systems is a cylindrical shell composed of an homogeneous (i.e. properties are the same in all
the material points) anisotropic material.
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Figure 4.1: Scheme where the three different regions are defined.

Consider one of such cylinders infinitely long along the z axis with radius R2 and a central coaxial
hole of radius R1 < R2 . This cylinder is made of a magnetic material with homogeneous radial and
angular relative permeabilities, µr and µφ respectively. A uniform external field Ha is applied along
the y direction. We want to find the analytical expression for the field in all regions (Hout , Hmid and
Hin as defined in figure 4.1) with the condition that the applied field is not modified by the presence of
the cylinder, in the region outside it. We start with the magnetostatic Maxwell’s equations 3.1 and 3.2
that must be fulfilled everywhere, in particular inside the material. There, induction and magnetic field
and Bmid
= µ0 µφ Hmid
= µ0 µr Hmid
components are related through the permeabilities as: Bmid
r
r
φ
φ .
Using the translational symmetry along the z axis and the fact that there are no free currents nor free
charges inside the material magnetostatic Maxwell’s equations become
∂Hφmid
∂Hrmid
−
= 0,
∂r
∂φ
∂Hφmid
∂Hrmid
µr Hrmid + rµr
+ µφ
= 0.
∂r
∂φ
Hφmid + r

(4.1)
(4.2)

We want to find a solution in which external field is the uniform applied one (so that there is no distortion
outside the material) and there is a uniform field inside the hole whose modulus is scaled by a positive
factor α (Hin = αHa ):
Ha = Ha ûy = Ha sinφûr + Ha cosφûφ = Hrout ûr + Hφout ûφ ,
αHa = αHa ûy = αHa sinφûr + αHa cosφûφ =
(
Hrout = Ha sinφ
Hφout = Ha cosφ

(
,

Hrin ûr

Hrin = αHa sinφ
Hφin = αHa cosφ

+

.

Hφin ûφ ,

(4.3)
(4.4)

(4.5)

Then, by imposing continuity of the normal component of B and the tangential component of H at the
interfaces r = R1 and r = R2 we can express boundary conditions as
(
(
Hrmid (r = R2 ) = µ1r Ha sinφ
Hrmid (r = R1 ) = α µ1r Ha sinφ
,
.
(4.6)
Hφmid (r = R2 ) = Ha cosφ
Hφmid (r = R1 ) = αHa cosφ
To solve equations 4.1 and 4.2 with boundary conditions expressed in 4.6 we suppose that solutions can
be written as a product of the angular and the radial part
(
Hrmid (r) = f (r) µ1r Ha sinφ
,
(4.7)
Hφmid (r) = g(r)Ha cosφ
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where f (r) and g(r) are arbitrary radially-dependent functions that must be found. By doing so, boundary
conditions expressed in 4.6 become
(
(
f (r = R2 ) = 1
f (r = R1 ) = α
,
.
(4.8)
g(r = R2 ) = 1
g(r = R1 ) = α
Finally, introducing equations 4.7 inside 4.1 and 4.2 and taking into account 4.8, solutions for f (r) and
g(r) can be found so that we already know field profiles inside the material

f (r) = µr µφ

g(r) =

r
R2

r
R2

−1+µφ

−1+µφ
r
sinφ,
R2
 −1+µφ
r
mid
Hφ (r) = Ha
cosφ.
R2
Hrmid (r) = Ha µφ

=⇒

−1+µφ
=⇒



(4.9)
(4.10)

Notice that we solve two first-order differential equations, so that only two constants have to be determined. However solutions must fulfill the four boundary conditions. This fact leads to obtain two extra
constrains
µr · µφ = 1,
 µφ −1
R1
.
α=
R2

(4.11)
(4.12)

The first one imposes that both permeabilities must be inverse to each other. The second one relates the
inner field scale factor α with radius R1 and R2 and the angular (or the radial, due to equation 4.11)
permeability.
From equation 4.12 we can see that the α factor (i.e. magnetic field inside the device) decreases
as angular permeability increases because R1 /R2 < 1. This happens because magnetic field becomes
concentrated near the outer radius R2 (from expressions 4.9 and 4.10). And that’s why such homogeneous
anisotropic device can be used to achieve an approximate cloaking: we can choose a couple of inverse
permeabilities such that they make the inner field arbitrary small. As this field can be reduced as much as
need, the interaction with magnetic objects placed inside can also be arbitrary minimized so that we can
obtain a good cloaking behavior only setting suitable permeabilities of the shell. Interestingly, it can be
demonstrated that null distortion is also obtained for any non-uniformly applied magnetic field.
For example, for the case R1 = 0.1m, R2 = 0.2m and µφ = 6 (µr = 1/6 ≈ 0.167) the field inside
becomes scaled by a α ≈ 0.03125. If µφ = 10 (µr = 0.1) then α ≈ 0.00195. Both two cases have been
numerically simulated to check corresponding inner field scaling factors. From this simulations we can
also see how magnetic field lines are expelled from the inner region (see figure 4.2).

Figure 4.2: Field lines interacting with two homogeneous anisotropic devices. In the first one (a) µφ = 6, µr = 1/6 and in the second one (b)
µφ = 10, µr = 1/10. We clearly see that increasing the angular permeability causes magnetic fields to concentrate near the outer radius.

In spite of achieving magnetic cloaking, these homogeneous cloaks are not antimagnets, because the
magnetic field created by a source in its interior will leak to the exterior. To avoid this, we can make us of
a superconducting layer placed at the inner surface of the cloak, as discussed in section 4.1. Introducing
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such a layer does not substantially modify the property of cloaking, as long as µφ is sufficiently larger
than 1, because in this case the magnetic field coming from external sources will be almost excluded from
the central region and the interaction with the superconducting layer will be negligible. In this way an
antimagnet design is being outlined: an inner superconducting layer and an outer homogeneous shell.
However, this scheme alone cannot yet solve our goal of a feasible antimagnet, because the material in
the outer shell, even though it would have a constant permeability, would require fine-tuned anisotropic
values (µφ = 1/µr ). Such materials are not available.

4.3

Antimagnet design: discretization of the angular and radial
components with two types of feasible layers

In this section we will transform the homogeneous cloak with uniform and anisotropic parameters described in previous section into one made with realistic materials. To do this one could propose a device
in which there were only two types of layers: one of them only provides the angular component of permeability and the other one only provides the radial. By alternating those kind of layers and tuning their
parameters an effective homogeneous anisotropic behavior could be achieved. However, this idea is still
too demanding, because we would need two type of anisotropic layers: layers that provide the angular
component (we call them A-type layers) must have high tangential tunable permitivity (µA
φ > 4 as we
A
already discussed in the previous section) and radial permitivity equal to one (µr = 1). On the other
hand layers providing the radial component (we call them R-type layers) must have small radial tunable
R
permitivity (µR
r < 0.25) and angular permitivity equal one (µφ = 1). In fact these R-type layers could
be realized with metamaterial-like materials made of arrays of superconducting plates (the precise radial
permeability tunable by changing the distances between plates) [59, 60]. Nevertheless there exist no
any material that satisfies the anisotropy needed to build A-type layers, with such high values of angular
permeability.
In spite of this type of discretization we propose another strategy: we substitute these anisotropic
A
A-type layers by isotropic layers with a suitable permitivity µA = µA
r = µφ . These layers would give the
necessary angular permitivity but they would also contribute with an undesired radial permitivity. However, this could be counteracted by tuning the radial permitivity of the R-type layers to smaller values.
The main advantage of this configuration is that both type of layers are in principle already available. One
of them built with arrays of superconducting plates and the other one made of non-hysteretic superparamagnetic materials (i.e. ferromagnetic nanoparticles embedded in a non-magnetic media [61]). In the next
A
section we will explain the tuning process by which µR
r and µ can be determined in order to minimize
the field distortion caused by the antimagnet.

4.3.1

Tuning process

A
There are three relevant parameters that must be taken into account in the tuning process: µR
r , µ and
the total number of layers. We start fixing a total number of layers (an even number, as we want as many
A-type layers as R-type) and a permitivity for the A-type layers (always placing an ideal superconducting
layer in the inner surface, as we discussed in section 4.1). Then the µR
r parameter is tuned following a
numerical iterative method in order to minimize the distortion appeared outside the device (for a given
applied field).
A first case with 10 layers (5 A-type layers, 5 R-type plus the inner superconducting one that we
don’t count) is presented. The outer layer is a A-type and we fix a permeability for these layers µA = 6
(we choose this value because the corresponding homogeneous anisotropic cloak discussed in section
4.2 leads to an α ≈ 0.03125, so that magnetic field entering inside R1 is almost negligible). We apply
an external uniform magnetic field (Ha = Ha ûy ) and then we evaluate the distortion appeared outside
depending on the radial permitivity of the R-type layers. We choose an starting value for µR
r = 1/6 ≈
0.167, knowing that the optimized value will be, in general, smaller than this because of the additional
radial permitivity added by the isotropic A-type layers. To evaluate the distortion appeared we perform a
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A
Figure 4.3: Field lines for different values of µR
r (and µr = 6). It can be clearly seen that above the optimized value there is too much
”ferromagnetic” contribution that tends to concentrate field lines inside the device. On the other hand, below the optimized value R-type layers
”diamagnetic” contribution dominates so that magnetic field is expelled. This clear trend that can be easily quantized through the dmax parameter
lets us rapidly find the optimal µR
r value for a uniform applied field.

Figure 4.4: Simulation of the final antimagnet design with 10 layers interacting with a uniform applied field. A-type layers are painted orange
A
A
R
(µA
= 6) and R-type layers are painted yellow (µR
r = µφ = µ
r = 0.104, µφ = 1). The inner grey layer represents an ideal superconductor in
Meissner state with negligible penetration depth (µ = 0).

COMSOL simulation for each µR
r value. Then we define a distortion function d(r) as

d=

(Bx − Bx,a )2 + (By − By,a )2
2 + B2
Bx,a
y,a

 12
,

(4.13)

where Bx and By are the two components of the total field and Bx,a and By,a are the components of
the applied field. This function represents the ratio of distortion appeared in each point of exterior space
respect to the applied field. In each COMSOL simulation we compute this function along the exterior
space and we take the maximum value (this maximum distortion is always found in points near the outer
radius R2 ) as a comparing criteria. Some captions about this iterative process are shown in figure4.3.
Following the process we see that field lines distortion (they should be perfectly vertical) reduces as µR
r
descreases. In particular, in the first cases (a-f) field lines tend to ”enter” inside the device (there is a
more intense ferromagnetic contribution given by the A-type layers that dominates front the diamagnetic
contribution given by the R-type layers). Distortion minimizes in figure 4.3e, where field lines look
vertical and dmax is minimized. If we go on decreasing µR
r (f-h) then the diamagnetic contribution
dominates and there appears distortion in the opposite direction: field lines tend to be expelled from the
device. This clear trend lets one to easily find the value that minimizes distortion for a certain antimagnet
configuration. In this case we conclude that uniform applied field distortion minimizes choosing: µA
r =6
and µR
r = 0.104 (figure 4.4).
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Figure 4.5: Tuned µR
r values depending on the number of layers and the permitivity of the A-type layers. Comparing any two of the plotted series
we notice that, except the first two points, there is a constant shift between the adjusted values. It is also interesting to see that adjusted permeabilities
seem to saturate for high number of layers.

4.3.2

Tuning process for other configurations

A
In the previous section 4.3.1 we explained there are three relevant parameters: µR
r , µ and the total
A
number of layers. We decided to study a first case fixing a 10 layers configuration and µ = 6.
However the tuning process we have explained can be applied in other cases with different number
of layers, for example. This leads to obtain a curve that indicates adjusted µR
r for each case. At the same
time we can repeat this process for other values of µA . As we already explained taking higher values
will tend magnetic fields to concentrate near the outer radius while lower values will let field go inside.
This second case could be problematic because if A-type layers permeability is decreased enough intense
magnetic will try to penetrate inside R1 . This does not finally happen as a superconducting layer is placed
in the inner surface but it could cause distortion outside. However, similar µR
r tuning process shows that
the total distortion for a uniform applied field can be canceled even in these cases. Final adjusted µR
r
curves for different numbers of layers and several µA choices is shown in figure 4.5.
From this plot some interesting conclusions can be extracted. First of all we can see how all lines (for
a fixed µA ) tend to saturate for a high numbers of layers and each one converges to a certain value of µR
r .
for
any
A second relevant conclusion is that given any two series the difference between the adjusted µR
r
number of layers (except the first two cases with less layers) keeps a constant value.

4.3.3

Evaluation of the antimagnet behavior depending on its specific characteristics

In the previous two sections we have explained the tuning process always assuming a uniform applied
field. Now it is necessary to check how these antimangets behave when other kind of fields are applied.
We have chosen two representative fields to do this evaluation: field created by a current wire and field
created by a magnetic dipole (equivalent to the field created by a small permanent magnet). While uniform
applied field has no spatial variation, current wire field and dipolar field do change depending on the
precise spatial point. This lets us study whether the applied field inhomogeneity is related with the
distortion caused by a certain antimagnet. The first interesting conclusion is that in these cases with
non-uniform applied field antimagnets do cause distortion of exterior field (different from what happened
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Figure 4.6: 10 layers antimagnet with µA = 6 and µR
r = 0.104 interacts with different applied fields. In figure a, a uniform field is applied, in b
we apply a current wire field and in c a dipolar field (wire and dipole are placed at a distance of 0.4 meters of the antimagnet center). Regions shaded
pink indicate places where distortion is larger than 0.01.

Figure 4.7: Antimagnets with 10, 20 and 30 layers (plus a inner superconducting isotropic layer) interact with dipolar field (a-c) and current wire
field (d-f). Pink-shaded regions where d > 0.01 show an improvement of the antimagnet behavior when the number of layers is increased for both
non-uniform applied fields.

when a uniform field was applied and distortion function d reached negligible values). To quantitatively
evaluate this distortion we have computed distortion function d (defined in expression 4.13) outside the
device and we have shaded pink regions where d > 0.01. Results are shown in figure 4.6.
From these simulations a clear conclusion can be extracted: the higher inhomogeneous applied field
is, the higher distortion a certain antimagnet causes. Nevertheless it is worth to explore behavior of other
antimagnet configurations with higher number of layers when these inhomogeneous fields are applied.
In figure 4.7 we present simulations of antimagnets with µA = 6 and 10, 20 and 30 layers (for which
adjusted µR
r values can be found in plot 4.5 and are 0.104, 0.128 and 0.136 respectively) interacting with
dipolar and current wire fields.
In these cases results are really clarifying, showing that antimagnets with higher number of layers tend
to reduce distortion of any inhomogeneous applied field. This is evident for the dipolar field case (figures
a-c) and similar trend is shown for the current wire field (figures d-f). It is not difficult to justify this
behavior, because configurations with higher number of layers constitute a more accurate discretization
of the homogeneous anisotropic cases (explained in section 4.2), which we already said that caused no
exterior field distortion for any applied field.
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Finally, we need to know if the distortion regions showed in figures 4.6 and 4.7 are ”large” or not in
order to know if our design achieves significant distortion reduction. As we explained in section 3.2.3
distortion caused by a magnetic material naturally decreases so that they always become undetectable if
observer goes far enough. That’s why we have compared these distortion regions with the ones created
by some reference materials that we have chosen to be a perfect superconducting shell and an infinitepermeability ferromagnetic shell (with same sizes R1 and R2 ). In these cases distortion regions in which
d > 0.01 extend much farther than the limits shown in captions. This means that proposed antimagnets do
get a substantial reduction of the exterior field distortion even when non-homogeneous fields are applied
compared with materials that also enable magnetic shielding.
This study has been done using antimagnet designs with all µA = 6 (red points in figure 4.5). Same
behavior is found when we repeat this study with other configurations with higher permeabilities for the
A-type layers. However these cases need R-type layers to have very low radial permeabilities µR
r . This
leads to practical problems, as it is reported in reference [60] because it would imply that the superconducting layers forming these R-type layers should be put very close one from another. On the other hand
antimagnets with low permeabilities for the A-type layers exhibit similar behavior, and for a small number
of layers they cause smaller distortion than configurations with higher µA with the same number of layers. However these cases differentiate because increasing the number of layers leads to an improvement
(decrease of field distortion) that rapidly saturates, meaning that the distortion region is not reduced when
we increase over a certain number of layers. Simulations done with previous dipolar field have shown
that antimagnets with µA = 3 with 20 and 30 layers create almost the same distortion region.
For all these reasons most of this chapter has been dedicated to antimagnet configurations with intermediate µA values, which are the best candidates for a future hypothetical practical implementation.

4.4

Limitations of the proposed antimagnet designs

Devices proposed in this chapter have been developed and tuned assuming certain idealizations. This
has been done in order to simplify the design task. However a more realistic approach would be need
to discuss the realistic possibilities of these designs. In this section we enumerate the most relevant
assumptions that we have done and we briefly discuss how they limit or not the viability of these devices.
• All superconductors are assumed to be in Meissner state (and doing a complete exclussion
of the magnetic field, so that penetration dept is 0): This assumption affects two parts of the
antimagnet designs: the inner homogeneous superconducting layer and the R-type layers. Any
realistic application would need magnetic fields larger than the lower critical field Hc1 for type-II
superconductors (or the Hc for type-I) so that magnetic field would not be completely expelled
by the superconductors and it would penetrate inside them. Concerning the inner layer this could
be solved using a type-II superconductor (like most high-temperature ones) with a high criticalcurrent density. In these cases the strong pinning causes that magnetic field only penetrates a small
thickness inside the material, so that currents circulate mainly in a thin layer in the surface giving
a response very similar to the Meissner one with almost null penetration dept [62]. Implications
related with the R-type layers are also solvable. Field penetration inside the superconducting layers
would make its diamagnetic response weaker (so µR
r would be nearer to 1). However this could be
solved retuning permeability of the A-type layers so that the final system would not cause distortion
of a uniformly applied magnetic field.
• A-type layers are assumed to be non-hysteretic: In our explanation we assume that A-type layers
give a fixed paramagnetic response independent of the external applied field and of its magnetic
history. However, any practical application would imply a variation of magnetic field, so that these
layers had to have a constant response. As we already pointed, this could be achieved not using a
simple paramagnetic material but a superparamagnetic one (or a composite of superparamagnetic
nanoparticles embedded in a non-magnetic matrix). These materials exhibit almost no magnetic
hysteresis (for a certain range of applied magnetic fields) so that they give an approximate constant
response.
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• Fine tunability of layers permeability is assumed: We have explained how R-type layers have to
be tuned (for a certain µA ) in order to minimize distortion of a uniformly applied magnetic field. We
have given permeabilities with 4 significant digits, which requires an extremely fine tuning. From
a practical point of view this cannot be achieved and real values would fluctuate between a certain
interval. This means that hypothetical real antimagnets would cause certain field distortion even for
a uniform applied field. Although it has not been deeply studied this could be minimized choosing
configurations with a higher number of layers, because in these cases it seems that there exists a
certain tolerance between the optimum values so that fluctuations do not lead to high external field
distortions. In any case, the effect on the performance of an antimagnet because some tolerance on
their constitutive values could be theoretically studied with our approach.
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Chapter 5

Conclusions
Along the previous chapters we have studied several electromagnetic devices and phenomena that have
let us finally conclude with a technique to design feasible magnetostatic cloaking devices (that we have
called antimagnets). However, apart from these final designs, some other significant conclusions have
been extracted. In the following points we try to summarize all relevant conclusions that we have found
and studied in this project.
• Electromagnetic cloaking concept that allows invisibility can be extended to the magnetostatic
regime. In static conditions the detection of a magnetic material can be done due to the fact that, in
general, these materials distort an external applied magnetic field. This distortion can be detected by
the magnetic source (that feels a force or a torque) or by any other detector, revealing the presence
of the object. Because of this a magnetic cloaking must be a device such that deviates magnetic
fields avoiding an inner region (which will contain the magnetic object we want to hide) and, at
the same time, it does not have to cause distortion of the externally applied magnetic field. If these
conditions are fulfilled, neither the magnetic object placed inside the device nor the magnetostatic
cloak itself will be magnetically detectable, achieving total magnetostatic ”invisibility”.
• Transformation optics technique used to design electromagnetic metamaterials can also be applied
in order to tailor a magnetic material that allows an specific control of static magnetic fields. However, cases that involves spatial topological changes (like in the typical cloaking case in which a
”punctual expansion” is done) have to be carefully discussed and material parameters obtained in
these cases must be rechecked starting from basic Maxwell’s equations (if we want to check the validity in the magnetostatics regime we must do so using the reduced set of magnetostatic Maxwell’s
equations).
• There exist several ways to achieve magnetostatic cloaking. Permitivities obtained from transformation optics technique doing a linear space transformation allow exact magnetostatic cloaking.
However there exist simpler material parameters that enables approximate magnetostatic cloaking.
In particular we have mathematically seen that an homogeneous anisotropic shell with inverse permeabilities causes zero distortion of any external applied field and it also lets to arbitrarily reduce
magnetic field that penetrates inside it (increasing the angular permeability leads to an arbitrary
reduction of the magnetic field inside). Penetration of the external magnetic field can be avoided
if an ideal superconducting shell is placed at the inner radius R1 . This shell does not cause substantial field distortion as long as angular permeability is large enough, because in this case only
weak magnetic fields reach the superconductor in the inner surface. At the same time this layer
ensures that field created by any magnetic source placed inside the superconductor does not leak to
the exterior.
• It is possible to do a discretization of this homogeneous anisotropic shell in a series of feasible
alternating layers of two types. One kind of layers (A-type) are homogeneous and isotropic with
permeabilities larger than 1. They can be built with superparamagnetic materials (in order to have
no hysteresis). The second type of layers (R-type) are metamaterial-like because we need they are
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homogeneous but anisotropic. They have to have angular permeability equal 1 and tunable radial
permeability between 0 and 1. These layers can be built using arrays of superconducting plates.
Fixing a certain permitivity value for the A-type layers and placing the ideal superconducting shell
inside a tuning process leads to find the radial permeability of R-type layers that minimizes distortion of a uniformly applied magnetic field. That is the way by which we can design a certain
antimagnet, for a given number of layers and a fixed permeability for the A-type layers.
• For a uniformly applied magnetic field distortion caused by each antimagnet design is basically
negligible. However, when non-uniform fields are applied antimagnets do cause exterior field distortion. This distortion has been evaluated by plotting regions where a distortion function d is larger
than 0.01. We have seen that distortion caused by a certain antimagnet increases as the applied field
is more inhomogeneous (see comparisons between the current wire field and the dipolar field). At
the same time we have checked that distortion appeared by a certain non-homogeneous applied
field is reduced as long as we use antimagnets with larger number of layers.
• Although designs proposed in this project still present important fabrication difficulties and they
have non-negligible limitations we think they represent a relevant step towards a future realistic
implementation of invisibility ideas applied to the magnetostatic regime. We think there are several
fields in which such devices could suppose important advantages, for example in helping patients
with iron-containing implants to access to magnetic resonance tests or in reducing the magnetic
signature of vessels and planes.
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Appendix A

Validity of the electromagnetic
cloaking parameters to obtain
magnetostatic cloaking
In this section we will check that material parameters obtained by transformation optics (doing a linear
compression, as it is explained in section 2.3.1) that make electromagnetic cloaking also enable cloaking
of static magnetic fields. We start with material parameters expressed in equations 2.12-2.14. Of course
we only take care of permeabilities because we are interested in the magnetostatic regime. Due to the
translational symmetry along the z axis, fields cannot have components in this direction so that permeability component µz0 z0 does not play any role. Then we only deal with the following permeabilities
r − R1
,
r
r
µφφ (r) =
.
r − R1
µrr (r) =

(A.1)
(A.2)

Given a uniformly applied magnetic field in the y direction (following the notation expressed in figure
4.1) these permeabilities must fulfill magnetostatic Maxwell’s equations. At the same time we impose a
uniformly applied magnetic field outside (what guarantees that there is no distortion outside the material)
and zero field inside the inner radius
Hout = Ha ,
in

H

= 0.

(A.3)
(A.4)

Of course magnetostatic Maxwell’s equations 3.1, 3.2 must be fulfilled everywhere, in particular inside
the material. There, induction and magnetic field components are related through the permeabilities as:
Bmid
= µ0 µr Hmid
and Bmid
= µ0 µφ Hmid
r
r
φ
φ . Using the translational symmetry along the z axis and the
fact that there are no free currents nor free charges inside the material these Maxwell’s equations become
1 mid r − R1 ∂Hrmid
1 ∂Hφmid
Hr +
+
= 0,
r
r
∂r
r − R1 ∂φ
Hφmid + r

∂Hφmid
∂Hrmid
−
= 0,
∂r
∂φ

(A.5)

(A.6)

where we have already used permeability expressions A.1 and A.2. Equations A.3 and A.4 can be rewritten as
(
(
Hrout = Ha sinφ
Hrin = 0
,
.
(A.7)
out
Hφ = Ha cosφ
Hφin = 0
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And boundary conditions (continuity of the normal component of B and the tangential component of H
at the interfaces r = R1 and r = R2 ) impose
(
(
2
Ha sinφ
Hrmid (r = R2 ) = R2R−R
Hrmid (r = R1 ) = 0
1
.
(A.8)
,
Hφmid (r = R1 ) = 0
Hφmid (r = R2 ) = Ha cosφ
To solve equations A.5 and A.6 with boundary conditions expressed in A.8 we make the same type of
guess we did in section 4.2 and we suppose that solutions can be written as a product of the angular and
the radial part
(
2
Hrmid (r) = f (r) R2R−R
Ha sinφ
1
,
(A.9)
mid
Hφ (r) = g(r)Ha cosφ
where f (r) and g(r) are arbitrary radially-dependent functions that must be found. Doing so boundary
conditions expressed in A.8 become
(
(
f (r = R1 ) = 0
f (r = R2 ) = 1
.
(A.10)
,
g(r = R1 ) = 0
g(r = R2 ) = 1
Defining γ = R2 /(R2 − R1 ) and taking into account A.9 Maxwell’s equations A.5 and A.6 become
(r − R1 )γf (r) + (r − R1 )2 γf 0 (r) − rg(r) = 0,

(A.11)

g(r) + rg 0 (r) − γf (r) = 0,

(A.12)

which are two first-order differential equations (primes indicate derivatives respect r), whose solutions
will have 2 constants to be determined by the boundary conditions. To solve this we combine these
equations in one second-order differential equation. Isolating g(r) from A.11
r − R1
(r − R1 )2 0
f (r) + γ
f (r),
r
r
R1
2r2 − R12 − rR1 0
(r − R1 )2 00
g 0 (r) = γ 2 f (r) + γ
f (r),
f (r) + γ
2
r
r
r
g(r) = γ

(A.13)
(A.14)

and substituting g(r) and its derivative in A.12 we get
3f 0 (r) − (R1 − r)f 00 (r) = 0.

(A.15)

The general solution of this differential equation is expressed in equation A.16. On the other hand, f is
related with g through equation A.13 so that
C1
+ C2 ,
2(r − R1 )2
C2 (r − R1 )
C1
+γ
.
g(r) = γ
2r(r − R1 )
r

f (r) = −

(A.16)
(A.17)

Now we have to determine constants imposing the 4 boundary conditions expressed in A.8. Although
solutions only have two free constants (C1 and C2 ), solution must fulfill the four equations to ensure that
permeabilities expressed in equations A.1 and A.2 enable the desired cloaking behavior. Actually that is
what happens if C1 = 0 and C2 = 1, so that f and g functions are
f (r) = 1,
r − R1
g(r) = γ
,
r
and fields inside the material are
(
2
Hrmid = R2R−R
Ha sinφ
1

R2
mid
Hφ = R2 −R1 1 − Rr1 Ha cosφ

,

(
R2
1
Brmid = µ0 r−R
r
R2 −R1 Ha sinφ 
r
mid
2
1 − Rr1 Ha cosφ
Bφ = µ0 r−R1 R2R−R
1

(A.18)
(A.19)

,
(A.20)
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what proves that permeabilities expressed in equations A.1 and A.2 obtained applying transformation
optics technique also enable magnetostatic cloaking. To guarantee that this result is completely valid we
can repeat the last part of the development isolating f (r) from A.12 and substituting it and its derivative
in equation A.11. The differential equation that we get is
−R1 g 0 (r) + (3r2 − 5rR1 + 2R12 )g 0 (r) + (r − R1 )2 rg 00 (r) = 0.

(A.21)

In this case the general solution of this differential equation is
g(r) =

2C1 + r(r − 2R1 )C2
.
2r(r − R1 )

(A.22)

Imposing boundary conditions (A.10) for g we determine constants and it becomes
g(r) =

R2
r − R1
.
R2 − R1
r

(A.23)

And using the relation between f and g obtained isolating f in A.12 we find
f (r) = 1,
which are the same solutions as the ones obtained previously in the first part of the development.
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(A.24)
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Abstract
In this project we present a cylindrically symmetric device
that enables magnetostatic invisibility. It can be thought as a
system such that deviates magnetic fields avoiding a certain
region without perturbing them outside. The design is
initially based on the metamaterial concept and the
mathematical technique used to characterize them:
transformation optics. From this electromagnetic result we
extract a set of permeabilities (which magnetically
characterize any material) that enable magnetic cloaking. In
the final part we discretize our proposal in a series of
alternating layers that are already technically available. This
lets us present the antimagnet, understood as a feasible
device that makes "invisibility" achievable in the
magnetostatic regime.

